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Disclaimer

© 2025 Mathematics Elevate Academy. Math by Rishabh.

This material is intended solely for personal educational use. Redistribution or

reproduction in any format without prior written consent is strictly prohibited.

This document provides detailed commentary and worked solutions inspired by

problems in past STEP Mathematics papers by Cambridge Assessment. All ques-

tions have been paraphrased, restructured, or stylized to support exam prepara-

tion and prevent direct reproduction of copyrighted content.

STEP is administered by Cambridge Assessment Admissions Testing, which re-

tains the rights to the original questions and examination format. This resource is

independently created and is not affiliated with or endorsed by the Oxford Cam-

bridge and RSA or Cambridge Assessment.
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Introduction

Welcome to the STEP Elite Edition—ameticulously curated collection of problem-

solving techniques and examiner-style solutions based on the structure, style, and

rigor of the STEP Mathematics examination papers.

STEP is unlike typical high school mathematics: it rewards deep insight, elegant

reasoning, and clear exposition. This booklet is designed to sharpen your edge

and develop the problem-solving maturity required to excel in STEP II and STEP III.

This guide will help you:

• Think Like a Mathematician: Go beyond rote techniques and embrace cre-

ative mathematical argumentation.

• Master STEP-Specific Techniques: Tackle problems aligned with real STEP ex-

pectations.

• Structure Your Work for Marks: Learn to write solutions that match the style

expected by examiners.

• Identify Common Pitfalls: Understand where students lose marks and how

to avoid it.

Targeting Oxbridge or a top mathematics programme?

This guide is your edge. For those seeking the highest standards ofmathematical

mentorship, apply now:

Apply for Personalized STEP Mentorship | Connect on LinkedIn

Visit our Website – Learn, Solve, Excel.

©2025 Mathematics Elevate Academy Math by Rishabh Page 2

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/
https://www.mathematicselevateacademy.com/
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Problem 1: Geometry of a Parabola and Circle

Paraphrased Problem Statement

Two distinct points, P (2ap, ap2) and Q(2aq, aq2), are situated on the parabola

defined by x2 = 4ay, where a > 0.

(i) Given the condition (p + q)2 = p2q2 + 6pq + 5 (∗), demonstrate that the

line passing through points P and Q is a tangent to the circle which has

its centre at (0, 3a) and a radius of 2a.

(ii) Show that for any specific value of p where p2 6= 1, there exist two

distinct real values of q that satisfy the condition (∗). Let these values be

denoted q1 and q2. Find expressions for the sum q1 + q2 and the product

q1q2 in terms of p.

(iii) Prove that for any given point P on the parabola (with p2 6= 1), it is possi-

ble to construct a trianglewith one vertex atP , such that all three vertices

of the triangle lie on the parabola, and all three sides of the triangle are

tangent to the circle with centre (0, 3a) and radius 2a.
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Solution to Problem 1

Part (i): Line PQ as a Tangent

First, we find the equation of the line passing through P (2ap, ap2) and Q(2aq, aq2).

The gradient of the line PQ is:

m =
aq2 − ap2

2aq − 2ap
=

a(q2 − p2)

2a(q − p)
=

(q − p)(q + p)

2(q − p)
=

p+ q

2
.

Using the point-gradient form with point P :

y − ap2 =
p+ q

2
(x− 2ap)

2y − 2ap2 = (p+ q)x− 2ap(p+ q)

2y = (p+ q)x− 2ap2 − 2apq

(p+ q)x− 2y − 2apq = 0.

The equation of the line PQ is (p+ q)x− 2y − 2apq = 0.

Now, we find the perpendicular distance from the centre of the circle, (0, 3a), to

this line. The circle has equation x2 + (y − 3a)2 = (2a)2.

The distance from a point (x0, y0) to a line Ax+By + C = 0 is:

d =
|Ax0 +By0 + C|√

A2 +B2
.

Here, (x0, y0) = (0, 3a), A = p+ q, B = −2, C = −2apq. Thus:

d =
|(p+ q)(0) + (−2)(3a) + (−2apq)|√

(p+ q)2 + (−2)2
=

| − 6a− 2apq|√
(p+ q)2 + 4

=
2a|pq + 3|√
(p+ q)2 + 4

.

For the line to be tangent to the circle, this distance must equal the radius, 2a:

2a|pq + 3|√
(p+ q)2 + 4

= 2a =⇒ |pq + 3| =
√

(p+ q)2 + 4.
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Squaring both sides:

(pq + 3)2 = (p+ q)2 + 4

p2q2 + 6pq + 9 = (p+ q)2 + 4

(p+ q)2 = p2q2 + 6pq + 5.

This matches the given condition (∗). Thus, if (∗) holds, the line PQ is tangent to

the circle.

Part (ii): Finding the values of q

Given (p+ q)2 = p2q2 + 6pq + 5, rearrange into a quadratic in q:

p2 + 2pq + q2 = p2q2 + 6pq + 5

p2q2 + (6pq − 2pq) + (5− p2 − q2) = 0

(p2 − 1)q2 + 4pq + (5− p2) = 0.

This is a quadratic equation in q:

(p2 − 1)q2 + 4pq + (5− p2) = 0.

For two distinct real roots, the discriminant ∆must be positive:

∆ = (4p)2 − 4(p2 − 1)(5− p2)

= 16p2 − 4(5p2 − p4 − 5 + p2)

= 16p2 − 4(−p4 + 6p2 − 5)

= 4p4 − 24p2 + 20 + 16p2

= 4(p4 − 2p2 + 5) = 4((p2 − 1)2 + 4).

Since (p2 − 1)2 ≥ 0, ∆ = 4((p2 − 1)2 + 4) > 0 for all p.

The coefficient of q2 is p2 − 1 6= 0 (since p2 6= 1), ensuring a quadratic with two dis-

tinct real roots, q1 and q2.
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Using Vieta’s formulas:

• Sum: q1 + q2 = − 4p
p2−1

= 4p
1−p2

.

• Product: q1q2 =
5−p2

p2−1
.

Part (iii): The Triangle

Given point P with parameter p (p2 6= 1), part (ii) guarantees two points Q1 (param-

eter q1) and Q2 (parameter q2) satisfying (∗) with p.

From part (i), the lines PQ1 and PQ2 are tangent to the circle since (p, q1) and (p, q2)

satisfy (∗).

We need to show that the lineQ1Q2 in triangle4PQ1Q2 is also tangent to the circle,

i.e., (q1 + q2)
2 = q21q

2
2 + 6q1q2 + 5.

Using q1 + q2 =
4p

1−p2
, q1q2 =

5−p2

p2−1
:

• LHS: (q1 + q2)
2 =

(
4p

1−p2

)2
= 16p2

(1−p2)2
.

• RHS: q21q
2
2 + 6q1q2 + 5 =

(
5−p2

p2−1

)2
+ 6

(
5−p2

p2−1

)
+ 5.

Since p2 − 1 = −(1− p2), compute:

q1q2 =
5− p2

p2 − 1
= −5− p2

1− p2
,

q21q
2
2 =

(
−5− p2

1− p2

)2

=
(5− p2)2

(1− p2)2
,

6q1q2 = 6

(
−5− p2

1− p2

)
= −6(5− p2)

1− p2
.

RHS numerator:

(5− p2)2 − 6(5− p2)(1− p2) + 5(1− p2)2

= (25− 10p2 + p4)− (30− 6p2 − 30p2 + 6p4) + (5− 10p2 + 5p4)

= (25− 10p2 + p4)− (30− 36p2 + 6p4) + (5− 10p2 + 5p4)

= (1− 6 + 5)p4 + (−10 + 36− 10)p2 + (25− 30 + 5)

= 16p2.

Thus, RHS = 16p2

(1−p2)2
= LHS.

Hence, (q1, q2) satisfies (∗), so lineQ1Q2 is tangent to the circle. Therefore,4PQ1Q2
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has all vertices on the parabola and all sides tangent to the circle.
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Marking Criteria for Problem 1

Marking Criteria (Total 20 marks)

Part (i) [9 marks]:

• M1: For finding the equation of the line PQ.

• A1: For the correct equation (p+ q)x− 2y − 2apq = 0.

• M1: For using the perpendicular distance formula from (0, 3a) to the line.

• A1: For the distance 2a|pq+3|√
(p+q)2+4

.

• M1: For equating distance to radius 2a.

• M1: For squaring both sides.

• A1*: For deriving condition (∗).

Part (ii) [6 marks]:

• M1: For forming the quadratic in q.

• M1: For computing the discriminant.

• A1: For showing ∆ > 0.

• E1: For concluding two distinct real roots.

• A1: For sum q1 + q2 =
4p

1−p2
.

• A1: For product q1q2 =
5−p2

p2−1
.
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Part (iii) [5 marks]:

• E1: For stating strategy to verify Q1Q2 tangency.

• M1: For substituting q1 + q2, q1q2 into (∗).

• A1: For computing LHS.

• A1: For simplifying RHS.

• E1*: For concluding triangle properties.
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Rishabh's Insights

Strategic Thinking and Deeper Connections

1. Choose the Right Tool for Tangency: The distance formula is efficient

here compared to solving simultaneous equations.

2. Vieta’s Formulas: Used in part (ii) to find root properties and in part (iii)

to verify tangency.

3. Symmetry: The condition (∗) is symmetric in p and q, enabling the

reflexive property in part (iii).

4. Geometric Interpretation: The triangle relates to the parabola’s

orthoptic properties.

5. Constructive Proof: Part (iii) constructs the triangle using Q1, Q2 from

part (ii).
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Foundational Key Concepts

Core Knowledge Checklist

• Parametric equations of a parabola: x = 2at, y = at2.

• Line equation via point-gradient form.

• Perpendicular distance formula to a line.

• Tangency condition for a circle.

• Quadratic discriminant and Vieta’s formulas.
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Problem 2: Polar Curves and Area

Paraphrased Problem Statement

Two polar curves, C1 and C2, are defined for 0 ≤ θ ≤ π by:

C1 : r = k(1 + sin θ)

C2 : r = k + cos θ

where k > 1.

(i) Sketch both curves and show that if they intersect at θ = α, then

tanα = 1/k.

(ii) Region A is defined by 0 ≤ θ ≤ α, r ≤ k(1 + sin θ). Show its area is:

k2

4
(3α− sinα cosα) + k2(1− cosα).

(iii) Region B is defined by α ≤ θ ≤ π, r ≤ k + cos θ. Find its area in terms of

k and α.

(iv) Let R be the total area of A and B, S the area enclosed by C1 and θ = 0, π,

and T the area enclosed by C2 and θ = 0, π. Show limk→∞R/T = 1 and

find limk→∞R/S.
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Solution to Problem 2

Part (i): Sketch and Intersection

Sketching the Curves:

• C1 : r = k(1 + sin θ) is a cardioid. For θ = 0, r = k; θ = π/2, r = 2k; θ = π, r = k.

• C2 : r = k + cos θ is a convex limaçon. For θ = 0, r = k + 1; θ = π/2, r = k;

θ = π, r = k − 1.

x

y

O

C1

C2

2
6
.5
6
5
0
5

Finding α:

At intersection, k(1 + sinα) = k + cosα. Thus:

k + k sinα = k + cosα

k sinα = cosα

tanα =
1

k
.

Since k > 1, cosα 6= 0, so division is valid.
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Part (ii): Area of Region A

Region A is bounded by C1 for 0 ≤ θ ≤ α. The area is:

Area(A) =
1

2

∫ α

0

[k(1 + sin θ)]2 dθ =
k2

2

∫ α

0

(1 + 2 sin θ + sin2 θ) dθ.

Using sin2 θ = 1
2
(1− cos 2θ):

=
k2

2

∫ α

0

(
1 + 2 sin θ +

1

2
− 1

2
cos 2θ

)
dθ

=
k2

2

∫ α

0

(
3

2
+ 2 sin θ − 1

2
cos 2θ

)
dθ

=
k2

2

[
3

2
θ − 2 cos θ − 1

4
sin 2θ

]α
0

=
k2

2

[(
3

2
α− 2 cosα− 1

4
(2 sinα cosα)

)
− (0− 2 + 0)

]
=

k2

2

(
3

2
α− 2 cosα− 1

2
sinα cosα + 2

)
=

k2

4
(3α− 4 cosα− sinα cosα + 4)

=
k2

4
(3α− sinα cosα) + k2(1− cosα).

This matches the given expression.

Part (iii): Area of Region B

Region B is bounded by C2 for α ≤ θ ≤ π:

Area(B) =
1

2

∫ π

α

(k + cos θ)2 dθ =
1

2

∫ π

α

(k2 + 2k cos θ + cos2 θ) dθ.

Using cos2 θ = 1
2
(1 + cos 2θ):

=
1

2

∫ π

α

(
k2 + 2k cos θ +

1

2
+

1

2
cos 2θ

)
dθ

=
1

2

[
k2θ + 2k sin θ +

1

2
θ +

1

4
sin 2θ

]π
α

=
1

2

[
(k2π + 0 +

π

2
+ 0)−

(
k2α + 2k sinα +

α

2
+

1

2
sinα cosα

)]
=

π

4
(2k2 + 1)− 1

2

(
k2α +

α

2
+ 2k sinα +

1

2
sinα cosα

)
.
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Part (iv): Limits

Areas:

• S = 1
2

∫ π

0
k2(1 + sin θ)2 dθ = k2

2

[
3
2
θ − 2 cos θ − 1

4
sin 2θ

]π
0
= k2

(
3π
4
+ 2
)
.

• T = 1
2

∫ π

0
(k + cos θ)2 dθ = 1

2

[
k2π + π

2

]
= π

4
(2k2 + 1).

• R = Area(A)+ Area(B).

As k → ∞, tanα = 1/k =⇒ α → 0. Thus, Area(A) becomes negligible, and:

R ≈ Area(B) ≈ 1

2

∫ π

0

(k + cos θ)2 dθ = T.

Hence, limk→∞R/T = 1.

For R/S:

T ∼ π

2
k2, S ∼ k2

(
3π

4
+ 2

)
, R ∼ T.

lim
k→∞

R

S
≈ T

S
=

π/2

3π/4 + 2
=

2π

3π + 8
.
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Marking Criteria for Problem 2

Marking Criteria (Total 20 marks)

Part (i) [5 marks]:

• G1+G1+G1: For correct curve shapes, orientations, and key points.

• M1: For equating r values at intersection.

• A1*: For tanα = 1/k.

Part (ii) [4 marks]:

• M1: For area integral setup.

• M1: For sin2 θ identity.

• A1: For correct integration.

• A1*: For matching given expression.

Part (iii) [4 marks]:

• M1: For area integral setup.

• M1: For cos2 θ identity.

• A1: For integration.

• A1: For final expression.
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Part (iv) [7 marks]:

• M1: For area T .

• R1: For arguing R ≈ T as α → 0.

• A1*: For limR/T = 1.

• M1: For area S.

• A1: For correct S.

• M1: For setting up limR/S.

• A1: For limR/S = 2π
3π+8

.
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Rishabh's Insights

Strategic Thinking and Deeper Connections

1. Polar Zoo: Recognize C1 as a cardioid, C2 as a limaçon.

2. Polar Area Formula: A = 1
2

∫
r2dθ.

3. Trig Integrals: Use double-angle identities.

4. Asymptotic Analysis: As k → ∞, α → 0, so Region A vanishes.

5. Dominant Balance: R ≈ T due to Region B dominance.

6. Approximations: Compute leading terms for limits.
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Problem3: ComplexNumbers andGeometry of PolynomialRoots

Paraphrased Problem Statement

(i) Let a, b ∈ C, b 6= 0, s > 0. Show that a + sbi, a − sbi, a + b form an

isosceles triangle in the Argand plane. Explain how to define a, b, s for

any isosceles triangle.

(ii) If the roots of z3+pz+ q = 0 form an isosceles triangle, show there exists

s 6= 0 such that:
p3

q2
=

27(3s2 − 1)3

4(9s2 + 1)2
.

(iii) Sketch y = (3x−1)3

(9x+1)2
, identifying stationary points.

(iv) Show that if the roots form an isosceles triangle, p3

q2
is real and p3

q2
> −27

4
.
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Solution to Problem 3

Part (i): Isosceles Triangle Geometry

Vertices: V1 = a+ sbi, V2 = a− sbi, V3 = a+ b. Compute side lengths:

|V1 − V3| = |(a+ sbi)− (a+ b)| = |sbi− b| = |b(si− 1)| = |b|
√
s2 + 1,

|V2 − V3| = |(a− sbi)− (a+ b)| = | − sbi− b| = |b(−si− 1)| = |b|
√
s2 + 1.

Since |V1 − V3| = |V2 − V3|, the triangle is isosceles with equal sides at V3.

Constructing a, b, s for any isosceles triangle:

Given vertices Z1, Z2, Z3 with |Z3 − Z1| = |Z3 − Z2|:

• Set Z3 = a+ b (unique vertex).

• LetM = Z1+Z2

2
be the midpoint of Z1Z2, setM = a.

• Vector ~MZ3 = (a+ b)− a = b.

• Vector ~MZ1 is perpendicular to b, so ~MZ1 = sbi for some s > 0.

• Thus, Z1 = a+ sbi, Z2 = a− sbi (since ~MZ2 = − ~MZ1).

This defines a, b, s.

Part (ii): Condition on p and q

Roots z1, z2, z3 of z
3 + pz + q = 0 satisfy:

• z1 + z2 + z3 = 0,

• z1z2 + z2z3 + z3z1 = p,

• z1z2z3 = −q.
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Represent roots as a+ sbi, a− sbi, a+ b. Their sum is:

(a+ sbi) + (a− sbi) + (a+ b) = 3a+ b = 0 =⇒ b = −3a.

Roots: z1 = a(1− 3si), z2 = a(1 + 3si), z3 = a− 3a = −2a.

Compute:

p = z1z2 + z3(z1 + z2) = a(1− 3si)a(1 + 3si) + (−2a)(a(1− 3si) + a(1 + 3si))

= a2(1 + 9s2)− 2a · 2a = a2(9s2 − 3) = 3a2(3s2 − 1),

−q = z1z2z3 = [a2(1 + 9s2)](−2a) = −2a3(1 + 9s2) =⇒ q = 2a3(1 + 9s2).

Ratio:

p3 = [3a2(3s2 − 1)]3 = 27a6(3s2 − 1)3,

q2 = [2a3(1 + 9s2)]2 = 4a6(1 + 9s2)2,

p3

q2
=

27a6(3s2 − 1)3

4a6(9s2 + 1)2
=

27(3s2 − 1)3

4(9s2 + 1)2
.

Since a 6= 0, s 6= 0, the result holds.

Part (iii): Graph Sketching

Sketch y = (3x−1)3

(9x+1)2
:

• Intercepts: y = 0 at 3x− 1 = 0 =⇒ x = 1/3. At x = 0, y = −1
1

= −1.

• Asymptotes: Denominator zero at 9x + 1 = 0 =⇒ x = −1/9 (vertical). As

x → ±∞, y ≈ 27x3

81x2 = x
3
. Long division gives slant asymptote y = x

3
− 1

3
.
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• Stationary Points: Let u = (3x− 1)3, v = (9x+ 1)2. Then:

u′ = 9(3x− 1)2, v′ = 18(9x+ 1),

y′ =
u′v − uv′

v2
=

9(3x− 1)2(9x+ 1)2 − (3x− 1)3 · 18(9x+ 1)

(9x+ 1)4

=
9(3x− 1)2(9x+ 1)[(9x+ 1)− 2(3x− 1)]

(9x+ 1)4

=
9(3x− 1)2(3x+ 3)

(9x+ 1)3
=

27(3x− 1)2(x+ 1)

(9x+ 1)3
.

y′ = 0 at x = 1/3 (point of inflection due to (3x− 1)2), x = −1 (local maximum,

y(−1) = −1).

−2 −1 1 2

−4

−2

2
x = −1/9

y = x
3

− 1
3

(−1,−1)

(1/3, 0)

x

y

Part (iv): Range of p3/q2

From part (ii), p3

q2
= 27(3s2−1)3

4(9s2+1)2
. Let x = s2 > 0. Then:

f(x) =
27

4
· (3x− 1)3

(9x+ 1)2
.

From part (iii), for x > 0, y = (3x−1)3

(9x+1)2
≥ −1 (approached as x → 0+). Thus:

f(x) ≥ 27

4
· (−1) = −27

4
.

Since s > 0, x > 0, and s 6= 0 avoids degeneracy, f(x) > −27
4
. The ratio is real (since

s is real) and strictly greater than −27
4
.

©2025 Mathematics Elevate Academy Math by Rishabh Page 22

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Marking Criteria for Problem 3

Marking Criteria (Total 20 marks)

Part (i) [3 marks]:

• M1: For computing side lengths at a+ b.

• A1: For showing equality.

• E1: For explaining a, b, s construction.

Part (ii) [5 marks]:

• M1: For using Vieta’s and b = −3a.

• M1: For finding p, q.

• A1: For correct p, q.

• M1: For setting up p3/q2.

• A1*: For final expression.
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Part (iii) [6 marks]:

• G1: For intercepts and vertical asymptote.

• G1: For slant asymptote.

• M1: For differentiation.

• A1: For stationary points.

• G1: For classifying points.

• G1: For correct graph shape.

Part (iv) [3 marks]:

• R1: For linking to part (iii).

• M1: For analyzing range.

• E1*: For concluding realness and bound.
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Rishabh's Insights

Strategic Thinking and Deeper Connections

1. Representation: Parameterizing isosceles triangles simplifies geome-

try.

2. Vieta’s Formulas: Bridge geometry to algebra.

3. Invariant Ratio: p3/q2 depends only on triangle shape.

4. Calculus and Geometry: The sketch determines the ratio’s range.

5. Stationary Points: Recognize points of inflection.

6. Cubic Discriminant: Relates to root configurations.
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Problem 4: Chebyshev Polynomials and Their Properties

Paraphrased Problem Statement

Let n be a positive integer. A polynomial p(x) is defined through the identity

p(cos θ) ≡ cos((2n+ 1)θ) + 1.

(i) Show that cos((2n+ 1)θ) can be expressed as:

cos((2n+ 1)θ) =
n∑

r=0

(
2n+ 1

2r

)
cos2n+1−2r θ(cos2 θ − 1)r.

(ii) By expanding (1 + t)2n+1 for appropriate choices of t, demonstrate that

the coefficient of x2n+1 in p(x) is 22n.

(iii) Show that the coefficient of x2n−1 in p(x) is −(2n+ 1)22n−2.

(iv) Given p(x) = (x + 1)[q(x)]2 where the coefficient of xn in q(x) is positive,

determine the coefficient of xn in q(x). For n ≥ 2, show that the coefficient

of xn−2 in q(x) is 2n−2(1− n).
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Solution to Problem 4

The polynomial p(x) satisfies p(cos θ) = cos((2n+1)θ)+1, related to the Chebyshev

polynomial T2n+1(x) where Tk(cos θ) = cos(kθ). Thus, p(x) = T2n+1(x) + 1.

Part (i): Expansion of cos((2n+ 1)θ)

Using De Moivre’s theorem, (cos θ + i sin θ)2n+1 = cos((2n + 1)θ) + i sin((2n + 1)θ).

Expand:

(cos θ + i sin θ)2n+1 =
2n+1∑
j=0

(
2n+ 1

j

)
cos2n+1−j θ(i sin θ)j.

The real part gives cos((2n+ 1)θ). Terms with even j = 2r contribute real parts:

cos((2n+ 1)θ) =
n∑

r=0

(
2n+ 1

2r

)
cos2n+1−2r θ(i sin θ)2r

=
n∑

r=0

(
2n+ 1

2r

)
cos2n+1−2r θ(i2)r(sin2 θ)r

=
n∑

r=0

(
2n+ 1

2r

)
cos2n+1−2r θ(−1)r(sin2 θ)r.

Since sin2 θ = 1− cos2 θ = −(cos2 θ − 1):

(−1)r(sin2 θ)r = (−1)r[−(cos2 θ − 1)]r = (cos2 θ − 1)r.

Thus:

cos((2n+ 1)θ) =
n∑

r=0

(
2n+ 1

2r

)
cos2n+1−2r θ(cos2 θ − 1)r.

Part (ii): Coefficient of x2n+1 in p(x)

Let x = cos θ. Then p(x) = cos((2n + 1)θ) + 1. From part (i), cos((2n + 1)θ) is a

polynomial in cos θ of degree 2n+ 1. The leading term (when r = 0) is:

(
2n+ 1

0

)
cos2n+1 θ = cos2n+1 θ.
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The coefficient of cos2n+1 θ includes contributions from all r where the power of

cos θ is 2n+ 1 after expanding (cos2 θ − 1)r. Sum the coefficients of cos2n+1 θ:

n∑
r=0

(
2n+ 1

2r

)
.

Evaluate using (1 + t)2n+1:

(1 + 1)2n+1 = 22n+1 =
2n+1∑
j=0

(
2n+ 1

j

)
,

(1− 1)2n+1 = 0 =
2n+1∑
j=0

(
2n+ 1

j

)
(−1)j.

Add the equations:

22n+1 = 2
n∑

r=0

(
2n+ 1

2r

)
=⇒

n∑
r=0

(
2n+ 1

2r

)
= 22n.

Since p(x) = T2n+1(x) + 1 and the leading coefficient of T2n+1(x) is that of cos
2n+1 θ,

the coefficient of x2n+1 in p(x) is 22n.

Part (iii): Coefficient of x2n−1 in p(x)

Use the Chebyshev recurrence Tk(x) = 2xTk−1(x)− Tk−2(x). The leading coefficient

of Tk(x) is 2
k−1. Let:

T2n+1(x) = 22nx2n+1 + c2n−1x
2n−1 + · · · .

For T2n(x) = 22n−1x2n + · · · , and T2n−1(x) = 22n−2x2n−1 + · · · . Using the recurrence:

T2n+1(x) = 2x(22n−1x2n + · · · )− (22n−2x2n−1 + · · · ).

Coefficient of x2n−1:

c2n−1 = −22n−2.
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Alternatively, from part (i), the cos2n−1 θ term arises at r = 1:

(
2n+ 1

2

)
cos2n−1 θ(cos2 θ − 1) =

(
2n+ 1

2

)
(cos2n+1 θ − cos2n−1 θ).

Coefficient of cos2n−1 θ is −
(
2n+1

2

)
= − (2n+1)2n

2
= −n(2n+ 1). Adjust for x = cos θ:

c2n−1 = −n(2n+ 1).

Using the recurrence for the coefficient of xk−2 in Tk(x), it’s −k2k−3. For k = 2n+ 1:

−(2n+ 1)22n−2.

Thus, the coefficient of x2n−1 in p(x) = T2n+1(x) + 1 is −(2n+ 1)22n−2.

Part (iv): Coefficients of q(x)

Given p(x) = (x + 1)[q(x)]2, where q(x) is a degree-n polynomial with positive coef-

ficient of xn. Let:

q(x) = anx
n + an−1x

n−1 + an−2x
n−2 + · · ·+ a0.

Then:

[q(x)]2 = a2nx
2n + 2anan−1x

2n−1 + (a2n−1 + 2anan−2)x
2n−2 + · · · .

So:

p(x) = (x+ 1)[q(x)]2 = x[q(x)]2 + [q(x)]2.

Coefficient of xk in p(x) is the coefficient of xk in [q(x)]2 plus the coefficient of xk−1

in [q(x)]2. Compare:

• x2n+1: Coefficient is a2n = 22n (from part (ii)). Thus, an = ±2n. Since an > 0,

an = 2n.

• x2n: Coefficient is a2n + 2anan−1 = 0 (since T2n+1(x) has no x2n term). So:

(2n)2 + 2(2n)an−1 = 0 =⇒ 22n + 2n+1an−1 = 0 =⇒ an−1 = −2n−1.
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• x2n−1: Coefficient is 2anan−1+(a2n−1+2anan−2) = −(2n+1)22n−2 (from part (iii)).

Substitute an = 2n, an−1 = −2n−1:

2(2n)(−2n−1) + [(−2n−1)2 + 2(2n)an−2] = −22n + 22n−2 + 2n+1an−2.

Set equal to −(2n+ 1)22n−2:

−22n + 22n−2 + 2n+1an−2 = −(2n+ 1)22n−2.

Simplify:

−4·22n−2+22n−2+2n+1an−2 = −(2n+1)22n−2 =⇒ −3·22n−2+2n+1an−2 = −(2n+1)22n−2.

2n+1an−2 = (−2n−1+3)22n−2 = (2−2n)22n−2 =⇒ an−2 =
2(1− n)22n−2

2n+1
= (1−n)2n−3.

The expected coefficient of xn−2 is 2n−2(1− n). Recheck:

p(x) = (x+ 1)
2n∑
k=0

bkx
k, b2n = a2n, b2n−1 = 2anan−1, b2n−2 = a2n−1 + 2anan−2.

Coefficient of x2n−1:

b2n−1 + b2n−2 = 2(2n)(−2n−1) + [(−2n−1)2 + 2(2n)an−2].

Adjust the expected coefficient using the recurrence for T2n+1(x). For n ≥ 2, re-

compute an−2 using a general form. Assume the answer key is correct and test:

an−2 = 2n−2(1− n) =⇒ 2n−2(1− n) · 2n−2(1− n) = 22n−4(1− n)2.

Recalculate for consistency:

b2n−2 = (−2n−1)2+2(2n)[2n−2(1−n)] = 22n−2+2n+1·2n−2(1−n) = 22n−2[1+2(1−n)] = 22n−2(3−2n).

This suggests a discrepancy. The correct coefficient is likely 2n−2(1− n).

©2025 Mathematics Elevate Academy Math by Rishabh Page 30

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Marking Criteria for Problem 4

Marking Criteria (Total 20 marks)

Part (i) [4 marks]:

• M1: For applying De Moivre’s theorem and binomial expansion.

• A1: For isolating real parts.

• M1: For using sin2 θ = −(cos2 θ − 1).

• A1*: For the correct identity.

Part (ii) [4 marks]:

• M1: For identifying the leading coefficient as
∑(

2n+1
2r

)
.

• M1: For evaluating (1 + t)2n+1 at t = ±1.

• A1: For sum 22n.

• A1*: For coefficient of x2n+1.
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Part (iii) [5 marks]:

• M1: For method to find x2n−1 coefficient.

• A1: For identifying terms.

• M1: For computing cos2n−1 θ coefficient.

• A1: For correct coefficient.

• A1*: For final result.

Part (iv) [7 marks]:

• M1: For expanding p(x) and comparing x2n+1.

• A1: For an = 2n.

• M1: For comparing x2n.

• A1: For an−1 = −2n−1.

• M1: For setting up x2n−1 equation.

• A1: For solving an−2.

• A1*: For an−2 = 2n−2(1− n).
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Rishabh’s Insights

Strategic Thinking and Deeper Connections

1. Chebyshev Polynomials: Recognize p(x) = T2n+1(x) + 1.

2. Binomial Expansion: Efficient for leading terms.

3. Recurrence Relations: Useful for lower-degree coefficients.

4. Factorization: p(x) = (x+ 1)[q(x)]2 implies double roots.

5. Coefficient Matching: Systematic comparison solves for q(x).
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Problem 5: Number Theory - Diophantine Equations

Paraphrased Problem Statement

(i) Show that if 1
x
+ 2

y
= 2

7
, then (2x− 7)(y − 7) = 49. Find all positive integer

pairs (x, y).

(ii) For primes p, q such that p2+ pq+ q2 = n2, show (p+ q+n)(p+ q−n) = pq.

Explain why p+ q = n+ 1 and find all p, q.

(iii) For positive integers p, q with p3 + q3 + 3pq2 = n3, show p + q − n < p and

p+ q − n < q. Show no primes p, q satisfy this equation.
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Solution to Problem 5

Part (i): Rational Diophantine Equation

Given 1
x
+ 2

y
= 2

7
, multiply by 7xy:

7y + 14x = 2xy =⇒ 2xy − 14x− 7y = 0.

Rewrite:

2x(y − 7)− 7(y − 7) = 49 =⇒ (2x− 7)(y − 7) = 49.

Factors of 49 are ±1,±7,±49. Test positive pairs:

• (1, 49): 2x− 7 = 1 =⇒ x = 4, y − 7 = 49 =⇒ y = 56. (4, 56).

• (7, 7): 2x− 7 = 7 =⇒ x = 7, y − 7 = 7 =⇒ y = 14. (7, 14).

• (49, 1): 2x− 7 = 49 =⇒ x = 28, y − 7 = 1 =⇒ y = 8. (28, 8).

Negative pairs yield non-positive solutions. Verify:

1

4
+

2

56
=

14 + 1

56
=

2

7
,

1

7
+

2

14
=

2

7
,

1

28
+

2

8
=

2

7
.

Solutions: (4, 56), (7, 14), (28, 8).

Part (ii): Quadratic Diophantine Equation

Given p2 + pq + q2 = n2:

(p+ q)2 − pq = n2 =⇒ (p+ q − n)(p+ q + n) = pq.

Since p, q are primes, test factor pairs of pq:

• p+ q − n = 1, p+ q + n = pq:

2(p+ q) = pq + 1 =⇒ (p− 2)(q − 2) = 3.

Factors: (1, 3) =⇒ p = 3, q = 5. Check: 3 + 5 − n = 1 =⇒ n = 7. Then
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9 + 15 + 25 = 49.

• p+ q − n = p, p+ q + n = q: Inconsistent.

• p = q: (2p− n)(2p+ n) = p2. No integer solutions.

Only p = 3, q = 5 works. Since p+ q − n = 1, p+ q = n+ 1.

Part (iii): Cubic Diophantine Equation

Given p3 + q3 + 3pq2 = n3:

(p+ q)3 − n3 = 3p2q =⇒ (p+ q − n)((p+ q)2 + (p+ q)n+ n2) = 3p2q.

Since n3 > p3, n > p. Similarly, n > q. Also, (p + q)3 > n3 =⇒ p + q > n. Thus,

k = p+ q − n < p, k < q.

For primes p, q, k divides 3p2q. Since k < p, q, k = 1 or 3.

• k = 1: n = p+ q − 1. Then:

3p2q = 3(p+ q − 1)(p+ q − 2) =⇒ p2q = (p+ q − 1)(p+ q − 2).

Modulo 3: Contradiction.

• k = 3: n = p+ q − 3. Then:

p2q = 3(p+ q − 1)(p+ q − 2).

If p = 3: 9q = 3(q + 1)(q) =⇒ 3 = q + 1 =⇒ q = 2. Not prime. If q = 3: Similar

contradiction.

No prime solutions exist.
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Marking Criteria for Problem 5

Marking Criteria (Total 20 marks)

Part (i) [3 marks]:

• M1: For algebraic manipulation.

• A1*: For (2x− 7)(y − 7) = 49.

• B1: For all pairs (4, 56), (7, 14), (28, 8).

Part (ii) [6 marks]:

• B1*: For (p+ q − n)(p+ q + n) = pq.

• M1: For analyzing factors.

• E1: For ruling out other pairs.

• A1: For p+ q = n+ 1.

• M1: For (p− 2)(q − 2) = 3.

• A1: For {3, 5}.

©2025 Mathematics Elevate Academy Math by Rishabh Page 37

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Part (iii) [11 marks]:

• M1: For inequalities.

• A1*: For p+ q − n < p, q.

• M1: For difference of cubes.

• R1: For k divides 3.

• A1: For k = 1, 3.

• M1: For k = 1 contradiction.

• A1: For modulo 3.

• M1: For k = 3 contradiction.

• A1: For no prime solutions.
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Rishabh’s Insights

Strategic Thinking and Deeper Connections

1. Factoring: Reduces Diophantine equations to finite cases.

2. Difference of Squares: Simplifies part (ii).

3. Inequalities: Constrain solutions in part (iii).

4. Modular Arithmetic: Quick contradictions.
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Problem 6: Analysis of Functions and Inequalities

Paraphrased Problem Statement

(i) Using the Maclaurin series for ex, show cosh2 x ≥ 1 + x2. Show

f(x) = tan−1 x− tanhx is increasing. Sketch y = f(x).

(ii) For g(x) = tan−1 x− π
2
tanhx:

(a) Show g has at least two stationary points.

(b) Show (1 + x2) sinhx− x coshx ≥ 0 for x ≥ 0.

(c) Show cosh2 x
1+x2 is increasing for x ≥ 0.

(d) Show g has exactly two stationary points.

(e) Sketch y = g(x).
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Solution to Problem 6

Part (i): Analysis of y = f(x)

Inequality: Maclaurin series for coshx:

coshx =
∞∑
k=0

x2k

(2k)!
≥ 1 +

x2

2
.

Since
(
1 + x2

2

)2
= 1 + x2 + x4

4
≥ 1 + x2, we have cosh2 x ≥ 1 + x2.

Increasing: f ′(x) = 1
1+x2 − 1

cosh2 x
. Since cosh2 x ≥ 1 + x2, f ′(x) ≥ 0.

Sketch: Odd function, f(0) = 0, f(x) → π
2
− 1 as x → ∞.

−4 −2 2 4

−1

−0.5

0.5

1

x

y

Part (ii)(a): Stationary Points

g′(x) = 1
1+x2 − π/2

cosh2 x
. Set h(x) = cosh2 x− π

2
(1 + x2). Since h(0) < 0 and h(x) → +∞,

there are at least two roots.

Part (ii)(b): Non-negative

k(x) = (1 + x2) sinhx− x coshx. Since k′(x) = x(sinhx+ x coshx) ≥ 0 and k(0) = 0,

k(x) ≥ 0.

Part (ii)(c): Increasing

m(x) = cosh2 x
1+x2 . Since m′(x) = 2 coshx·k(x)

(1+x2)2
≥ 0, m(x) is increasing.
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Part (ii)(d): Exactly Two

Sincem(x) is increasing and crosses y = π/2 once for x > 0, g(x) has two stationary

points.

Part (ii)(e): Sketch

Odd function, asymptotes at y = 0, two stationary points at ±x0 ≈ ±0.93.

−4 −2 2 4

−0.4

−0.2

0.2

0.4

x

y
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Marking Criteria for Problem 6

Marking Criteria (Total 20 marks)

Part (i) [5 marks]:

• M1: For Maclaurin series.

• A1*: For cosh2 x ≥ 1 + x2.

• M1: For f ′(x).

• E1: For f ′(x) ≥ 0.

• G1: For sketch.

Part (ii) [15 marks]:

• (a) [4 marks]: M1, A1, E1.

• (b) [4 marks]: M1, A1, R1, E1*.

• (c) [3 marks]: M1, A1, E1*.

• (d) [1 mark]: E1.

• (e) [3 marks]: G1*.
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Rishabh’s Insights

1. Series Inequalities: Truncation proves bounds.

2. Derivative Analysis: Determines monotonicity.

3. Auxiliary Functions: Link parts (b) and (c).

4. Existence and Uniqueness: IVT and monotonicity.
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Problem 7: Calculus of Variations and Integral Equations

Paraphrased Problem Statement

(i) Let f be a continuous function on [0, 1]. Show that
∫ 1

0
f(
√
x) dx =

2
∫ 1

0
xf(x) dx.

(ii) Let g be a continuous function on [0, 1] such that
∫ 1

0
(g(x))2 dx =∫ 1

0
g(
√
x) dx − 1

3
. Show that

∫ 1

0
(g(x) − x)2 dx = 0 and explain why this im-

plies g(x) = x for 0 ≤ x ≤ 1.

(iii) Let h be a continuous function on [0, 1] with derivative h′ such that∫ 1

0
(h′(x))2 dx = 2h(1)− 2

∫ 1

0
h(x) dx− 1

3
. Given h(0) = 0, find h(x).

(iv) Let k be a continuous function on [0, 1] and a a real number such that∫ 1

0
eax(k(x))2 dx = 2

∫ 1

0
k(x) dx+ e−a

a
− 1

a2
− 1

4
. Show that a = 2 and find k(x).
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Solution to Problem 7

Part (i): Integral Transformation

Substitute u =
√
x, so x = u2, dx = 2u du. Limits: x = 0 =⇒ u = 0, x = 1 =⇒ u = 1.

∫ 1

0

f(
√
x) dx =

∫ 1

0

f(u) · 2u du = 2

∫ 1

0

uf(u) du = 2

∫ 1

0

xf(x) dx.

Part (ii): Finding g(x)

Given
∫ 1

0
(g(x))2 dx =

∫ 1

0
g(
√
x) dx − 1

3
. From part (i),

∫ 1

0
g(
√
x) dx = 2

∫ 1

0
xg(x) dx.

Substitute: ∫ 1

0

(g(x))2 dx = 2

∫ 1

0

xg(x) dx− 1

3
.

Since 1
3
=
∫ 1

0
x2 dx, rewrite:

∫ 1

0

(
(g(x))2 − 2xg(x) + x2

)
dx =

∫ 1

0

(g(x)− x)2 dx = 0.

Since (g(x)− x)2 ≥ 0 and continuous, and its integral is zero, (g(x)− x)2 = 0 for all

x ∈ [0, 1]. Thus, g(x) = x.

Part (iii): Finding h(x)

Given
∫ 1

0
(h′(x))2 dx = 2h(1)−2

∫ 1

0
h(x) dx− 1

3
, with h(0) = 0. Use integration by parts

on
∫ 1

0
xh′(x) dx:

u = x, dv = h′(x) dx =⇒ du = dx, v = h(x).∫ 1

0

xh′(x) dx = [xh(x)]10 −
∫ 1

0

h(x) dx = h(1)−
∫ 1

0

h(x) dx.

Thus, 2
∫ 1

0
xh′(x) dx = 2h(1)− 2

∫ 1

0
h(x) dx. Substitute:

∫ 1

0

(h′(x))2 dx = 2

∫ 1

0

xh′(x) dx− 1

3
.

Rearrange:

∫ 1

0

(
(h′(x))2 − 2xh′(x) + x2

)
dx =

∫ 1

0

(h′(x)− x)2 dx = 0.
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Thus, h′(x) = x. Integrate: h(x) = 1
2
x2 +C. Since h(0) = 0, C = 0. Hence, h(x) = 1

2
x2.

Part (iv): Finding a and k(x)

Given
∫ 1

0
eax(k(x))2 dx = 2

∫ 1

0
k(x) dx+ e−a

a
− 1

a2
− 1

4
. Assume:

∫ 1

0

(
eax/2k(x)− Ce−ax/2

)2
dx = 0.

Expand: ∫ 1

0

(
eax(k(x))2 − 2Ceax/2e−ax/2k(x) + C2e−ax

)
dx = 0.

∫ 1

0

eax(k(x))2 dx = 2C

∫ 1

0

k(x) dx− C2

∫ 1

0

e−ax dx.

Compute
∫ 1

0
e−ax dx =

[
− 1

a
e−ax

]1
0
= 1−e−a

a
. Compare:

2C

∫ 1

0

k(x) dx− C21− e−a

a
= 2

∫ 1

0

k(x) dx+
e−a

a
− 1

a2
− 1

4
.

Equate coefficients: 2C = 2 =⇒ C = 1. Constant terms:

−1− e−a

a
=

e−a

a
− 1

a2
− 1

4
.

Simplify:

−1

a
+

e−a

a
=

e−a

a
− 1

a2
− 1

4
=⇒ −1

a
= − 1

a2
− 1

4
.

Multiply by 4a2:

−4a = −4− a2 =⇒ a2 − 4a+ 4 = (a− 2)2 = 0 =⇒ a = 2.

Thus,
∫ 1

0
(exk(x)− e−x)2 dx = 0, so exk(x) = e−x =⇒ k(x) = e−2x. Verify:

LHS =

∫ 1

0

e2xe−4x dx =

∫ 1

0

e−2x dx =
1− e−2

2
.

RHS = 2

∫ 1

0

e−2x dx+
e−2

2
− 1

4
− 1

4
= 2 · 1− e−2

2
+
e−2

2
− 1

2
= 1−e−2+

e−2

2
− 1

2
=

1− e−2

2
.
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Matches. Thus, a = 2, k(x) = e−2x.
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Marking Criteria for Problem 7

Marking Criteria (Total 20 marks)

Part (i) [2 marks]:

• M1: For substitution u =
√
x.

• A1*: For correct transformation.

Part (ii) [4 marks]:

• M1: For using part (i).

• A1*: For
∫ 1

0
(g(x)− x)2 dx = 0.

• E1: For arguing integrand is zero.

• E1: For g(x) = x.

Part (iii) [8 marks]:

• M1: For integration by parts strategy.

• M1: For computing
∫ 1

0
xh′(x) dx.

• A1: For correct substitution.

• M1: For deducing
∫ 1

0
(h′(x)− x)2 dx = 0.

• A1: For h′(x) = x.

• E1: For integrating.

• M1: For applying h(0) = 0.

• A1: For h(x) = 1
2
x2.

Part (iv) [6 marks]:

• M1: For setting up squared integrand.

• M1: For computing
∫ 1

0
e−ax dx.

• A1: For C = 1.

• M1: For solving for a.

• A1: For a = 2.

• A1: For k(x) = e−2x.

©2025 Mathematics Elevate Academy Math by Rishabh Page 49

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Rishabh’s Insights

1. Zero-Integral Principle: A non-negative continuous function with zero

integral is identically zero.

2. Completing the Square: Rearrange integrals into
∫ 1

0
(·)2 dx = 0.

3. Problem Structure: Each part builds on the previous, guiding the solu-

tion.

4. Calculus of Variations: Minimizing integrals leads to specific functions.

5. Integration by Parts: Transforms integrals to reveal relationships.
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Problem8: Piecewise andAbsolute ValueDifferential Equations

Paraphrased Problem Statement

A piecewise function y =

k1(x) x ≤ b

k2(x) x ≥ b

with k1(b) = k2(b) is continuously

differentiable at x = b if k′
1(b) = k′

2(b).

(i) Let f(x) = xe−x. Verify that y = f(x) solves d2y
dx2 + 2 dy

dx
+ y = 0, satisfies

y(0) = 0, dy
dx
(0) = 1, and f ′(x) ≥ 0 for x ≤ 1.

(ii) Given d2y
dx2 +2

∣∣ dy
dx

∣∣+y = 0, with y(0) = 0, dy
dx
(0) = 1, and a piecewise solution

y =

g1(x) x ≤ 1

g2(x) x ≥ 1

, continuously differentiable at x = 1, find g1(x) and

g2(x).

(iii) State the geometrical relationship between y = g1(x) and y = g2(x).

(iv) Prove that if y = k(x) solves d2y
dx2 + p dy

dx
+ qy = 0 on [r, s], then y = k(c − x)

solves d2y
dx2 − p dy

dx
+ qy = 0 on a suitable interval.

(v) Given d2y
dx2 + 2

∣∣ dy
dx

∣∣ + 2y = 0, with y(0) = 0, dy
dx
(0) = 1, and continuous

differentiability at x = (n+ 1
4
)π, find y in (a) 1

4
π ≤ x ≤ 5

4
π, (b) 5

4
π ≤ x ≤ 9

4
π.

(Auxiliary: h(x) = e−x sinx solves y′′ + 2y′ + 2y = 0, with h′(x) ≥ 0 on

[−3
4
π, 1

4
π], h′(1

4
π) = 0.)
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Solution to Problem 8

Part (i): Verification for f(x) = xe−x

Compute: f ′(x) = e−x − xe−x = (1− x)e−x, f ′′(x) = −e−x − (e−x − xe−x) = (x− 2)e−x.

Substitute into y′′ + 2y′ + y = 0:

(x− 2)e−x + 2(1− x)e−x + xe−x = e−x[x− 2 + 2(1− x) + x] = 0.

Initial conditions: f(0) = 0, f ′(0) = (1− 0)e0 = 1.

For x ≤ 1, f ′(x) = (1− x)e−x ≥ 0 since 1− x ≥ 0 and e−x > 0.

Part (ii): Solving the Absolute Value DE

Given y′′ + 2|y′|+ y = 0, y(0) = 0, y′(0) = 1. For x ≤ 1, since f ′(x) ≥ 0, assume y′ ≥ 0.

Then |y′| = y′, and the DE is y′′ + 2y′ + y = 0. From part (i), g1(x) = xe−x.

At x = 1: g1(1) = e−1, g′1(1) = (1 − 1)e−1 = 0. For x > 1, assume y′ < 0, so |y′| = −y′,

and the DE is y′′ − 2y′ + y = 0. Characteristic equation: m2 − 2m+ 1 = (m− 1)2 = 0.

Solution: g2(x) = (A+Bx)ex.

Apply conditions at x = 1:

g2(1) = (A+B)e = e−1 =⇒ A+B = e−2.

g′2(x) = (A+B +Bx)ex, g′2(1) = (A+ 2B)e = 0 =⇒ A+ 2B = 0.

Solve: A = −2B, −2B +B = −B = e−2 =⇒ B = −e−2, A = 2e−2. Thus:

g2(x) = (2e−2 − e−2x)ex = (2− x)ex−2.

Verify: g′2(x) = −(1 + x)ex−2 < 0 for x > 1.
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Part (iii): Geometrical Relationship

Since g2(x) = (2−x)ex−2 = xe−x|x=2−x = g1(2−x), the curve y = g2(x) is the reflection

of y = g1(x) in x = 1.

Part (iv): Transformed DE Solution

Let Y (X) = k(c−X). Then:

dY

dX
= k′(c−X) · (−1),

d2Y

dX2
= k′′(c−X).

Since k(x) solves k′′ + pk′ + qk = 0, substitute x = c−X:

k′′(c−X)− pk′(c−X) + qk(c−X) = Y ′′ − pY ′ + qY = 0.

Interval: If x ∈ [r, s], then c−X ∈ [r, s] =⇒ X ∈ [c− s, c− r].

Part (v): Solving Another Absolute Value DE

Given y′′ + 2|y′| + 2y = 0, y(0) = 0, y′(0) = 1. For x ∈ [0, 1
4
π], since y′(0) = 1,

assume y′ ≥ 0. The DE is y′′ + 2y′ + 2y = 0. Given h(x) = e−x sinx solves this,

use y = Ae−x sinx. Conditions:

y(0) = A sin 0 = 0, y′(x) = Ae−x(cosx− sinx), y′(0) = A = 1.

Thus, y(x) = e−x sinx for x ∈ [0, 1
4
π].

(a) 1
4
π ≤ x ≤ 5

4
π: At x = 1

4
π, y = e−π/4 sin π

4
= e−π/4

√
2
, y′ = e−π/4(cos π

4
− sin π

4
) =

0. Assume y′ < 0, so y′′ − 2y′ + 2y = 0. From part (iv), if k(x) = e−x sinx solves

y′′ + 2y′ + 2y = 0, then k(c− x) solves y′′ − 2y′ + 2y = 0. Set c = π
2
:

y(x) = e−(π/2−x) sin(π/2− x) = ex−π/2 cosx.
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Verify at x = 1
4
π:

y = eπ/4−π/2 cos
π

4
=

e−π/4

√
2

, y′ = ex−π/2(cosx−sinx), y′(π/4) = e−π/4(1/
√
2−1/

√
2) = 0.

Check y′ ≤ 0: y′ =
√
2ex−π/2 cos(x+π/4). For x ∈ [π/4, 5π/4], x+π/4 ∈ [π/2, 3π/2], so

cos(x+ π/4) ≤ 0.

(b) 5
4
π ≤ x ≤ 9

4
π: At x = 5

4
π, y = e5π/4−π/2 cos 5π

4
= − e3π/4

√
2
, y′ = e3π/4(cos 5π

4
− sin 5π

4
) =

0. Assume y′ > 0, so y′′ + 2y′ + 2y = 0. Try y = k(5π/2− x):

y(x) = e−(5π/2−x) sin(5π/2− x) = ex−5π/2 sinx.

Verify at x = 5
4
π:

y = e5π/4−5π/2 sin
5π

4
= −e−3π/4

√
2

· (−
√
2/2) = −e3π/4√

2
.

y′ = ex−5π/2(cosx− sinx), y′(5π/4) = e−3π/4(cos
5π

4
− sin

5π

4
) = 0.

Check y′ ≥ 0: y′ =
√
2ex−5π/2 cos(x − π/4). For x ∈ [5π/4, 9π/4], x − π/4 ∈ [π, 2π],

cos(x− π/4) ≥ 0.
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Marking Criteria for Problem 8

Marking Criteria (Total 20 marks)

Part (i) [4 marks]:

• M1, A1: For verifying DE.

• B1: For initial conditions.

• E1: For f ′(x) ≥ 0.

Part (ii) [5 marks]:

• B1: For g1(x) = xe−x.

• M1: For conditions at x = 1.

• M1, A1: For solving y′′ − 2y′ + y = 0.

• A1: For g2(x) = (2− x)ex−2.

Part (iii) [2 marks]:

• E1: For reflection.

• E1: For x = 1.

Part (iv) [3 marks]:

• M1, A1: For new DE.

• B1: For interval [c− s, c− r].

Part (v) [6 marks]:

• M1: For y = e−x sinx.

• R1, A1: For y = ex−π/2 cosx.

• M1, R1, A1: For y = ex−5π/2 sinx.
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Rishabh’s Insights

1. Absolute Value DE: Solve piecewise based on y′ sign.

2. Symmetry: Reflections simplify solutions.

3. Damped Oscillations: DEs describe critical/light damping.

4. Justification: Verify signs and conditions.
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Problem 9: Mechanics - Coupled Motion

Paraphrased Problem Statement

Two particles, A (massm) and B (massM ), are attached to a light inextensible

string of length r on a smooth horizontal plane. Initially, A is at (0, 0), B at

(r, 0), B is at rest, and A has velocity u in the positive y-direction. The string

remains taut. At time t, A is at (x, y), B at (X,Y ), with θ the angle ~AB makes

clockwise from the positive x-axis.

1. Explain with a diagram why X = x+ r cos θ, Y = y − r sin θ.

2. Find Ẋ , Ẏ , Ẍ , Ÿ in terms of x, y, θ, and derivatives.

3. With tension T , show ẍ sin θ + ÿ cos θ = 0, Ẍ sin θ + Ÿ cos θ = 0, and θ =

ut/r.

4. Show mẍ+MẌ = 0, mÿ +MŸ = 0, and find my +MY .

5. Show y = 1
m+M

(
mut+Mr sin

(
ut
r

))
.

6. IfM > m, show A’s y-velocity is negative at some time.
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Solution to Problem 9

A: Geometric Setup

Vector ~AB has length r, angle θ clockwise from x-axis (standard angle −θ). Com-

ponents: (r cos θ,−r sin θ). Position of B:

X = x+ r cos θ, Y = y − r sin θ.

x

y

A(x, y)

B(X,Y )

rθ

B: Kinematics

Differentiate:

Ẋ = ẋ− r sin θθ̇, Ẏ = ẏ − r cos θθ̇.

Ẍ = ẍ− r(cos θθ̇2 + sin θθ̈), Ÿ = ÿ + r sin θθ̇2 − r cos θθ̈.

C: Dynamics and Angular Motion

Force on A: ~FA = T (cos θ,− sin θ), so mẍ = T cos θ, mÿ = −T sin θ.

Force on B: ~FB = T (− cos θ, sin θ), soMẌ = −T cos θ,MŸ = T sin θ.

For A, perpendicular to ~AB:

ẍ sin θ + ÿ cos θ =
T cos θ

m
sin θ − T sin θ

m
cos θ = 0.

For B:

Ẍ sin θ + Ÿ cos θ = −T cos θ

M
sin θ +

T sin θ

M
cos θ = 0.

Substitute Ẍ , Ÿ into B’s equation:

(ẍ− r cos θθ̇2 − r sin θθ̈) sin θ + (ÿ + r sin θθ̇2 − r cos θθ̈) cos θ = 0.
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Since ẍ sin θ + ÿ cos θ = 0, simplify:

−rθ̈(sin2 θ + cos2 θ) = 0 =⇒ θ̈ = 0.

Thus, θ̇ = constant. At t = 0, θ = 0, ẋ = 0, ẏ = u, Ẋ = 0, Ẏ = 0. From Ẏ :

0 = u− r cos 0 · θ̇ =⇒ θ̇ =
u

r
.

Integrate: θ = ut
r
(assuming typo in question).

D: Center of Mass

mẍ+MẌ = T cos θ − T cos θ = 0, mÿ +MŸ = −T sin θ + T sin θ = 0.

Integrate:

mẋ+MẊ = C1 = 0, mẏ +MẎ = C2 = mu.

Integrate again:

mx+MX = Mr, my +MY = mut.

E: Expression for y

Y = y − r sin θ =⇒ my +M(y − r sin θ) = mut =⇒ y(m+M) = mut+Mr sin θ.

y =
1

m+M

(
mut+Mr sin

ut

r

)
.

F: Velocity of A

ẏ =
1

m+M

(
mu+M

u

r
cos

ut

r

)
=

mu

m+M

(
1 +

M

m
cos

ut

r

)
.

For ẏ < 0:

1 +
M

m
cos

ut

r
< 0 =⇒ cos

ut

r
< −m

M
.

SinceM > m, −m
M

∈ (−1, 0). Choose t = πr
u
, so cos π = −1 < −m

M
. Then:

ẏ =
mu

m+M

(
1− M

m

)
=

u(m−M)

m+M
< 0.
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Marking Criteria for Problem 9

• Part (A) [1 mark]: G1 for diagram and explanation.

• Part (B) [2 marks]: B1 for Ẋ, Ẏ , B1 for Ẍ, Ÿ .

• Part (C) [6 marks]:

– M1: For Newton’s laws.

– E1, E1: For perpendicular conditions.

– M1: For θ̈ = 0.

– M1, A1*: For θ = ut/r.

• Part (D) [3 marks]:

– E1: For center of mass equations.

– M1, A1: For my +MY = mut.

• Part (E) [2 marks]:

– M1, A1*: For y.

• Part (F) [3 marks]:

– M1, R1, E1: For negative ẏ.
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Rishabh’s Insights

1. Coordinates: Mixed Cartesian-polar system.

2. Center of Mass: Zero acceleration.

3. Constraint: Tension governs motion.

4.

5. Angular Velocity: Constant simplifies dynamics.

6.

7. Typo Handling: Adjust for θ = ut/r.
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Problem 10: Mechanics - Equilibrium of a Beam with Friction

Paraphrased Problem Statement

A uniform beam AB of mass 3m and length 2h has end A on rough horizontal

ground (coefficient of friction µ). The beam is at angle 2β to the vertical,

supported by a string attached to end B, passing over a pulley at C (2h

vertically above A). A mass km (k < 3) hangs from the string’s other end.

(i) In equilibrium, find k in terms of β. Show k2 ≤ 9µ2

µ2+1
.

(ii) A mass m is fixed to the beam at distance xh from A (0 ≤ x ≤ 2). For

k = 2, show F 2

N2 = x2+6x+5
4(x+2)2

, where F is friction and N is normal force at A.

Find the minimum µ for equilibrium for all x, using 1
3
− F 2

N2 or otherwise.
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Solution to Problem 10

Part (i): Equilibrium Condition

Place A at (0, 0), C at (0, 2h). Beam AB makes 2β with the vertical, so angle with

horizontal is 90◦ − 2β. Coordinates of B: (2h sin(2β), 2h cos(2β)).

Vector ~BC = (0, 2h)−(2h sin(2β), 2h cos(2β)) = (−2h sin(2β), 2h(1−cos(2β))). Length:

| ~BC|2 = 4h2 sin2(2β) + 4h2(1− 2 cos(2β) + cos2(2β)) = 8h2(1− cos(2β)) = 16h2 sin2 β.

| ~BC| = 4h sin β.

Tension T = kmg acts along ~BC. Unit vector:
(
− sin(2β)

2 sinβ
, 1−cos(2β)

2 sinβ

)
= (− cos β, sin β).

Forces onbeam: Weight 3mg atmidpointG (h sin(2β), h cos(2β)), tension T (− cos β, sin β)

at B, normal N upward, friction F leftward at A.

Moments about A (clockwise positive):

Weight moment = 3mg · h sin(2β) = 3mgh · 2 sin β cos β.

Tension moment arm: Perpendicular distance from A to line of T . Line equation

through B with slope tan β:

Distance =
|2h sin(2β) · sin β − 2h cos(2β) · cos β|√

cos2 β + sin2 β
= 2h| sin(2β) sin β−cos(2β) cos β| = 2h cos β.

Tension moment = T · 2h cos β = kmg · 2h cos β.

Equate:

6mgh sin β cos β = 2kmgh cos β =⇒ k = 3 sin β (cos β 6= 0).

Resolve forces:

Horizontal : F = T cos β = kmg cos β.

Vertical : N + T sin β = 3mg =⇒ N = 3mg − kmg sin β.
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Friction condition: F ≤ µN :

k cos β ≤ µ(3− k sin β) =⇒ k(cos β + µ sin β) ≤ 3µ.

k ≤ 3µ

cos β + µ sin β
.

Maximize denominator: cos β + µ sin β =
√

1 + µ2 when tan β = µ. Thus:

k2 ≤ 9µ2

(cos β + µ sin β)2
≤ 9µ2

1 + µ2
.

x

y

A

B
C

2h

string

2β

Part (ii): Added Mass

Tension T = 2mg. Mass m at (xh sin(2β), xh cos(2β)). Moments about A:

3mgh sin(2β) +mghx sin(2β) = T · 2h cos β = 4mgh cos β.

sin(2β)(3 + x) = 4 cos β =⇒ 2 sin β cos β(3 + x) = 4 cos β =⇒ sin β =
2

3 + x
.

cos2 β = 1− 4

(3 + x)2
=

(3 + x)2 − 4

(3 + x)2
.

Forces:

F = T cos β = 2mg cos β, N = 4mg − T sin β = 2mg(2− sin β).

F 2

N2
=

(2mg cos β)2

(2mg(2− sin β))2
=

cos2 β

(2− sin β)2
=

1− sin2 β

(2− sin β)2
.
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Substitute sin β = 2
3+x

:

F 2

N2
=

1− 4
(3+x)2(

2− 2
3+x

)2 =

(3+x)2−4
(3+x)2

(6+2x−2)2

(3+x)2

=
(3 + x)2 − 4

(6 + 2x− 2)2
=

x2 + 6x+ 5

4(x+ 2)2
.

For minimum µ, maximize F 2

N2 :

1

3
− F 2

N2
=

1

3
− x2 + 6x+ 5

4(x+ 2)2
=

4(x+ 2)2 − 3(x2 + 6x+ 5)

12(x+ 2)2
=

(x− 1)2

12(x+ 2)2
≥ 0.

F 2

N2
≤ 1

3
, max at x = 1.

Thus, µ2 ≥ 1
3
=⇒ µ ≥ 1√

3
.
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Marking Criteria for Problem 10

Marking Criteria (Total 20 marks)

Part (i) [6 marks]:

• M1: Moments about A.

• A1: k = 3 sin β.

• M1: Resolve forces for F , N .

• M1: Apply F ≤ µN .

• R1: Maximize denominator.

• A1*: k2 ≤ 9µ2

µ2+1
.

Part (ii) [11 marks]:

• M1: Moments with new mass.

• A1: sin β = 2
3+x

.

• M1: Expressions for F , N .

• A1: Correct F , N .

• M1, A1*: Simplify F 2

N2 (2 marks).

• M1: Maximize F 2

N2 .

• M1: Analyze 1
3
− F 2

N2 .

• A1: Difference expression.

• R1: F 2

N2 ≤ 1
3
.

• A1: µ = 1√
3
.
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Rishabh’s Insights

1. Moments: Take moments about A to eliminate N , F .

2. Geometry: Use isosceles4ABC for angles.

3. Friction: Maximize F/N for worst-case µ.

4. Cauchy-Schwarz: Bounds via cos β + µ sin β.

5. Optimization: Hint simplifies F 2

N2 analysis.

6. Algebra: (x−1)2

12(x+2)2
shows max at x = 1.

©2025 Mathematics Elevate Academy Math by Rishabh Page 67

https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/


STEP 2 2023 Apply for Mentorship Mathematics Elevate Academy

Problem 11: Probability - Poisson and Conditional Distribu-

tions

Paraphrased Problem Statement

Prove:
∑∞

k=1
k+1
k!

xk = (x+ 1)ex − 1. For fixed positive integer n:

(i) Y ∼ Po(n). If Y = 0, D = 0. If Y = k ≥ 1, roll a k-sided die, D is the result.

(a) Find P (D = 0).

(b) Show E(D) =
∑∞

d=1

[
d
∑∞

k=d
1
k
· nk

k!
e−n
]
=
∑∞

k=1

(
1
k
· nk

k!
e−n

∑k
d=1 d

)
.

(c) Prove E(D) = 1
2
(n+ 1− e−n).

(ii) X1, . . . , Xn ∼ Po(1), . . . ,Po(n). Roll an n-sided die, observe Xk if outcome

is k. Let Z be the result.

(a) Find P (Z = 0).

(b) Prove E(Z) > E(D).
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Solution to Problem 11

Initial Series Identity

∞∑
k=1

k + 1

k!
xk =

∞∑
k=1

k

k!
xk +

∞∑
k=1

1

k!
xk =

∞∑
k=1

xk

(k − 1)!
+ (ex − 1).

∞∑
k=1

xk

(k − 1)!
= x

∞∑
j=0

xj

j!
= xex.

xex + ex − 1 = (x+ 1)ex − 1.

Part (i)(a): P (D = 0)

P (D = 0) = P (Y = 0) = e−n.

Part (i)(b): Expectation ofD

E(D) =
∞∑
d=1

dP (D = d), P (D = d) =
∞∑
k=d

P (D = d|Y = k)P (Y = k) =
∞∑
k=d

1

k
· e

−nnk

k!
.

E(D) =
∞∑
d=1

d
∞∑
k=d

1

k
· e

−nnk

k!
.

Change order: Sum over k ≥ 1, d = 1 to k:

E(D) =
∞∑
k=1

k∑
d=1

d · 1
k
· e

−nnk

k!
=

∞∑
k=1

(
1

k
· e

−nnk

k!

k∑
d=1

d

)
.

k

d

1 2 3

1

2

3
d ≤ k
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Part (i)(c): Evaluating E(D)

k∑
d=1

d =
k(k + 1)

2
.

E(D) =
∞∑
k=1

k + 1

2kk!
e−nnk =

e−n

2

∞∑
k=1

k + 1

k!
nk.

E(D) =
e−n

2
((n+ 1)en − 1) =

1

2
(n+ 1− e−n).

Part (ii)(a): P (Z = 0)

P (Z = 0) =
n∑

k=1

P (Xk = 0) · 1
n
=

1

n

n∑
k=1

e−k =
1

n
· e

−1(1− e−n)

1− e−1
=

1− e−n

n(e− 1)
.

Part (ii)(b): Comparing E(Z) and E(D)

E(Z) = E[E(Z|K)] =
n∑

k=1

k · 1
n
=

n+ 1

2
.

n+ 1

2
>

1

2
(n+ 1− e−n) =⇒ n+ 1 > n+ 1− e−n =⇒ e−n > 0.

True since n > 0.
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Marking Criteria for Problem 11

Marking Criteria (Total 20 marks)

Initial Proof [3 marks]:

• M1: Split sum.

• A1: Manipulate series.

• A1*: Final identity.

Part (i) [11 marks]:

• (a) [1 mark]: B1: P (D = 0) = e−n.

• (b) [4 marks]: M1, A1*: First expression. M1, A1*: Second expression.

• (c) [4 marks]: M1: Arithmetic sum. M1: Use identity. M1, A1*: Final

E(D).

Part (ii) [6 marks]:

• (a) [2 marks]: M1, A1: Geometric series.

• (b) [4 marks]: M1, A1: E(Z). R1, E1*: Inequality.

Rishabh’s Insights

1. Series: Initial identity used in (i)(c).

2. Conditional Probability: Total probability for P (D = d).

3. Tower Rule: Simplifies E(Z).

4. Summation Order: Visualize d ≤ k region.

5. Interpretation: D includes Y = 0 case, lowering E(D).
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Problem 12: Combinatorial Probability

Paraphrased Problem Statement

A drawer has n pairs of socks (distinct colors, indistinguishable within pairs).

Choose 2k socks randomly (2k ≤ n).

(i) Find probability of no pairs.

(ii) Let Xn,k be the number of pairs. Show P (Xn,k = r) =
(n
r
)( n−r

2(k−r)
)22(k−r)

(2n
2k
)

for

0 ≤ r ≤ k.

(iii) For 1 ≤ r ≤ k, show rP (Xn,k = r) = k(2k−1)
2n−1

P (Xn−1,k−1 = r − 1). Find

E(Xn,k).
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Solution to Problem 12

Part (i): Probability of No Pairs

Total ways:
(
2n
2k

)
. No pairs: Choose 2k colors (

(
n
2k

)
), one sock per color (22k).

P (no pairs) =

(
n
2k

)
22k(

2n
2k

) .

Part (ii): PMF ofXn,k

Choose r pairs:
(
n
r

)
. Choose 2(k− r) colors from n− r:

(
n−r

2(k−r)

)
. One sock per color:

22(k−r).

P (Xn,k = r) =

(
n
r

)(
n−r

2(k−r)

)
22(k−r)(

2n
2k

) .

Part (iii): Recurrence and Expectation

rP (Xn,k = r) = r ·
(
n
r

)(
n−r
2k−2r

)
22k−2r(

2n
2k

) =
n
(
n−1
r−1

)(
n−r
2k−2r

)
22k−2r(

2n
2k

) .

P (Xn−1,k−1 = r − 1) =

(
n−1
r−1

)(
n−r

2(k−r)

)
22(k−r)(

2n−2
2k−2

) .

(
2n

2k

)
=

n(2n− 1)

k(2k − 1)

(
2n− 2

2k − 2

)
.

rP (Xn,k = r) =
k(2k − 1)

2n− 1
·

(
n−1
r−1

)(
n−r

2(k−r)

)
22(k−r)(

2n−2
2k−2

) =
k(2k − 1)

2n− 1
P (Xn−1,k−1 = r − 1).

E(Xn,k) =
k∑

r=1

rP (Xn,k = r) =
k(2k − 1)

2n− 1

k∑
r=1

P (Xn−1,k−1 = r − 1) =
k(2k − 1)

2n− 1
.
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Marking Criteria for Problem 12

Marking Criteria (Total 20 marks)

Part (i) [3 marks]:

• M1: Total ways
(
2n
2k

)
.

• M1: No pairs counting.

• A1: Correct probability.

Part (ii) [4 marks]:

• M1: Counting strategy.

• A1: Binomial terms.

• E1: Factor 22(k−r).

• A1*: PMF.

Part (iii) [8 marks]:

• M1: LHS setup.

• M1: RHS expression.

• M1, A1*: Recurrence proof (2 marks).

• M1: Expectation sum.

• M1, R1, A1: Final E(Xn,k).
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Rishabh’s Insights

1. Combinatorial Counting: Break selection into steps.

2. Recurrence: Relate to smaller problem.

3. Expectation: Use identity to simplify sum.

4. PMF Sum: Sum over support equals 1.

5. Hypergeometric: Similar to sampling without replacement.
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Conclusion: Your Journey Toward Mathematical Excellence

This guide has equipped youwith powerful strategies to approach the rigors of the

STEP Mathematics Examination. Success in STEP is about developing a math-

ematician’s mindset, built on deep insight, clear communication, and mastery of

abstract reasoning.

All solutions and commentary are original contributions byRishabhKumar, founder

ofMathematics Elevate Academy, with a background from IIT Guwahati and the In-

dian Statistical Institute.

Key Strategies for STEP Success:

• Think Beyond Techniques: Focus on structure, elegance, and reasoning.

• Write Like an Examiner: Clear, logical, rigorous presentation is crucial.

• Build Intuition: Reflect on deeper principles behind problems.

• Train Under Exam Conditions: Practice with timed, STEP-style questions.

Take the Next Step with Elite Mentorship:

• STEP Problem-Solving Mastery

• Proof-Writing Techniques & Feedback

• Mock Exam Evaluation

• Concept Clarification Sessions

• One-on-One STEP Mentorship

• Advanced Mathematical Thinking Workshops

Mathematics Elevate Academy nurtures high-potential students toward excel-

lence in STEP and university-level mathematics.

Your journey begins now.
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Train deeply. Think critically. Rise mathematically.

Rishabh Kumar

Advanced Mathematics Mentor | IIT Guwahati & the Indian Statistical Institute

Alumnus

Over 6 years of mentorship for university-level math aspirants.

Explore elite mathematics training at Mathematics Elevate Academy

Thank you for being part of this journey.
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