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Disclaimer

© 2025 Mathematics Elevate Academy. Math by Rishabh!

This document is for personal educational use only. Unauthorized reproduction
or distribution is strictly prohibited. Please feel free to contact us for licensing

inquiries.

This material contains solutions to problems inspired by the IB Mathematics: Anal-
ysis and Approaches Higher Level 2021 Paper 3, Time Zone 2 (TZ2). The original
guestions have been paraphrased and restructured to support learning and avoid
direct reproduction of copyrighted material. This content is intended solely for
educational and non-commercial use. The International Baccalaureate Organiza-
tion (IBO) holds the copyright to the original examination materials and does not
endorse or approve this work. All original intellectual property rights remain with
the IBO.
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Introduction

Unlock your mathematical potential with Mathematics Elevate Academy’s ex-
clusive solved problem set for IB Math AA HL Paper 3 May 2021 TZ2, crafted for
ambitious IB DP Mathematics AA HL students.

This collection provides a rigorous and enriching preparation experience tailored

for the current syllabus (2021 examinations onward).

This guide empowers you to:

+ Master Elite-Level Challenges: Enhance your depth of understanding with

questions that go beyond the textbook.

* Understand the IB Marking Scheme: Step-by-step examiner-style solutions

show how to score full marks.

+ Avoid Hidden Pitfalls: Efficient strategies and structured thinking save time

under pressure.

+ Build a Mathematical Toolkit: Strengthen your command over high-level

problem-solving techniques.

Aiming for the Ivy League, Oxbridge, or to advance your math skills?
Join my exclusive mentorship — application-based only. For serious, high-
achieving students. Only 6 seats worldwide annually.

Ready to transform your exam performance?

Apply for Personalized Mentorship | Connect on LinkedIn

Visit our Website - Learn, Practice, Excel.

Apply for Mentorship Connect on LinkedIn Mathematics Elevate Academy
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Problem 1

[Total Marks: 31]

Consider the polynomial function g, (z) = «"(b — z)", where b > 0 is a real constant

and n is a positive integer. For parts (a) and (b), assume b = 2.

(@) Forgi(z) = z(2—x), sketch the graph of y = ¢, (z), indicating all intercepts with

the axes and the coordinates of any local maximum or minimum points. [3

marks]

(b) For g,(z) = 2™(2 — 2)" with n > 1, use a graphing calculator to investigate the

graph of y = g,(z) for:
* Oddvaluesn=3andn=>5

* Evenvaluesn=2andn =4

Complete the table below based on your observations:

Number of local

maximum points

Number of local

minimum points

Number of points
of inflection with

zero gradient

n=3andn=>5

n=2andn =14

[6 marks]

(c) For g,(x) = z™(b—x)" with b > 0 and n > 1, show that the derivative is ¢/ (z) =

nz" (b —2x)(b— z)" L.

(d) List the three values of = where ¢/ (z) = 0.

(e) Prove that the point (£, g, (%)) lies above the z-axis.

(f) Show that ¢/, () > 0 for all positive integers n.

[3 marks]
[2 marks]
[2 marks]

[2 marks]

(g8) Using the result from part (f) and the sign of ¢/,(—1), demonstrate that the

point (0,0) is:
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(i) Alocal minimum for evenn > 1and b > 0. [3 marks]
(ii) A point of inflection with zero gradient for odd n > 1 and b > 0. 3
marks]

(h) For the function y = 2™ (b — )™ — k with n a positive integer, b > 0, and k real,
determine the conditions on n and k such that 2™ (b — )" = k has four real

solutions for z. [5 marks]
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Solution to Problem 1

Solution to Problem 1(a)

We are given g,(z) = (2 — z) with b = 2. g;(z) = 2z — 22

Intercepts with the axes:
* y-intercept: Setz =0 = ¢;(0) =0(2 —0) = 0. Point (0,0).

* z-intercepts: Set g;(z) =0 == z(2—2)=0 = z =0o0rz = 2. Points (0,0)

and (2,0).

Local maximum or minimum points:

Find the derivative: ¢} (z) = (22 — 2?) = 2 — 2.

Setgi(z) =0 = 2—-2r=0 = 20 =2 = x =1

The value of the function atz = 1is ¢g;(1) = 1(2 — 1) = 1. So, (1,1) is a stationary
point.

To classify this point, find the second derivative: ¢{(z) = £(2 — 22) = —2.

Since ¢/(1) = —2 < 0, the point (1, 1) is a local maximum.

The graph is a parabola opening downwards.

Intercepts: (0,0),(2,0). Local maximum: (1,1)

Sketch of gy (z) = x(2 — z) :
Y
(1,1) Max

T

(0,0 1 N2, 0)

Explanation: The graph of ¢;(z) = 2(2 — z) is a downward-opening parabola with
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x-intercepts at (0,0) and (2,0), and a local maximum at (1, 1).
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Solution to Problem 1(b)

For g,(z) =2"(2 —2)" = (z(2 — x))".

For odd values n = 3,5 (and n > 1):

The function g,(x) has alocal maximum atz = 1, where g,,(1) = (1(2—1))" = 1" = 1.
Atz=0and z =2, g,(x) =0. g, (z) = nz" (2 — z)" (2 — 2x).

Since nisodd, n — liseven. Forz ~ 0 (z # 0), z"' > 0. (2—2)"' > 0. (2 — 2z2)
determines sign of ¢/, () near x =0 and = = 2.

Near z = 0,2 — 2z > 0. So ¢/ (z) > 0 for x near 0 (x # 0). No sign change. Point of
inflection with zero gradient.

Near x = 2,2 — 2z < 0. So ¢/,(z) < 0 for x near 2 (x # 2). No sign change. Point of
inflection with zero gradient.

Thus, 1 local maximum, 0 local minimum points, 2 points of inflection with zero

gradient (atx =0 and x = 2).

For even values n = 2,4 (and n > 1):

The function g,(z) has a local maximum at z =1, g,(1) = 1.

Atz =0and z = 2, g,(x) = 0. Since n is even, g,(x) > 0 for all . Thus, x = 0 and
x = 2 are local minimum points.

There are no points of inflection with zero gradient (as these are minima).

Thus, 1 local maximum, 2 local minimum points, 0 points of inflection with zero

gradient.

Completed table:

Number of local Number of local Number of points
maximum points minimum points of inflection with
zero gradient
n=3andn=>5 1 0 2
n=2andn =4 1 2 0

Odd n: 1 max, 0 min, 2 POl z.g. Even n: 1 max, 2 min, 0 POI z.g.
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Solution to Problem 1(c)

Given g,(z) = 2™(b— z)" = (z(b — z))" = (bx — z*)".

Using the chain rule: Let u(x) = bx — 2. Then g, (z) = (u(z))".

gn(x) = n(u(x))" ™" v'(x).

U (z) = L(ba — 2%) = b — 2u.

So, ¢, (z) = n(bx — 2*)" (b — 2x).

Substituting bz —2? = z(b—2x): ¢/,(z) = n(x(b—=z))" 1 (b—22) = nz" 1 (b—z)" 1 (b—2x).

go(x) = na" (b — 2w) (b — )"
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Solution to Problem 1(d)

To find values of = where ¢/ (z) = 0, we solve nz" (b — z)" "1 (b — 2x) = 0.
Since n > 1 (given in part ¢, also n is positive integer implies n > 1), n # 0.

The equation holds if any of the variable factors are zero:
e 2" 1=0 = x=0(sincen—1>1becausen >1meansn > 2).

cb—2)"'=0= b—2=0 = z=0

b

*b—2 =0 = 220=0b = T =3.

The three values of x are 0, g, b.
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Solution to Problem 1(e)

We need to evaluate g, (2).

gn(z) = 2™(b—2)".

(5 = () (- "= (" () = (1) = (2)"

Since b > 0, b* > 0. Therefore & > 0. As n is a positive integer, <§>n > 0.

S0, g, (£) > 0, which means the point (2, g, (£)) lies above the z-axis.

b b\" o ,
Gn <§> = (Z) > 0, so the point lies above the z-axis
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Solution to Problem 1(f)

We need to evaluate g/, (%).

Using ¢/ (z) = nz" 1 (b — x)" (b — 2x):

06 ()
NN
NG
()

Since n is a positive integer, n > 0.

~——
I
S

I
S

Since b > 0, then 22 > pand & > 0.
0
b b2 b b
fn=1,9(5) =1(%) (5)=t>0.

n—1
fn>1,thenn—1>1. (%) >0,

2\ n—1
Therefore, g, (2) =n (%) <g> > 0.
——

—_———
>0 (actually >0ifn>1or =1ifn=1) >0
So, ¢, (2) > 0 for all positive integers n.

0 ()

©2025 Mathematics Elevate Academy Math by Rishabh Page 12


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Solution to Problem 1(g)(i)

We want to show (0, 0) is a local minimum for evenn > 1 and b > 0.

We know ¢,,(0) = 0. We know ¢/,(0) = 0 from part (d). We need to examine the sign
of ¢/ (x) for z near 0.

gn(=1) = n(=1)""(b— (=1))" (b= 2(=1)) = n(=1)""' 0+ 1)" 7' (b+2).
Sincenisevenandn > 1,n —1isodd. So (—1)"! = —1.

g (=1) =n(=1)(b+1)""Y(b+2). Sincen > 0,b>0, (b+ 1)1 >0,(b+2) > 0.

Thus, ¢/(—1) < 0.

We are given ¢/, (2) > 0 from part (f). Since b >0, -1 < 0 < .

The derivative changes sign from negative (at z like —1, and thus for z € (-9, 0) for
some § > 0) to positive (at z = g and thus for z € (0, ¢) for some e > 0) at x = 0.

Therefore, (0,0) is a local minimum for even n > 1.

gn(—1) < 0and g, (b/4) > 0. Sign change — — + at x = 0. So, local minimum.
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Solution to Problem 1(g)(ii)

We want to show (0, 0) is a point of inflection with zero gradient for odd » > 1 and
b> 0.

We know g¢,(0) = 0 and ¢,,(0) = 0.

Consider g, (—1) = n(=1)""*(b+ 1)""'(b+2). Since nisodd and n > 1, n — 1 is even.
So (—1)""t=1.

g, (=1) =n(1)(b+1)""(b+ 2). Sincen > 0,b > 0, then ¢/ (—1) > 0.

We are given ¢/, () > 0.

The derivative ¢/ (z) is positive for z € (—1,0) (more accurately, for z € (-4,0)) and
for z € (0,2) (more accurately, for z € (0, ¢)).

So ¢/ (z) does not change sign at = = 0 (it is positive on both sides of 0, close to 0).
Since ¢/,(0) = 0 and ¢/,(z) does not change sign at z = 0, it is a point of inflection

with zero gradient.

g (—1)>0and ¢, (b/4) > 0. No sign change + — + at x = 0. So, POl z.g.

©2025 Mathematics Elevate Academy Math by Rishabh Page 14


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Solution to Problem 1(h)

We are looking for conditions on n and k£ such that 2™(b — x)* = k has four real
solutions for z.
This is g,(x) = k. We need the horizontal line y = k to intersect the graph of

y = gn(z) four times.

* If nis odd (n > 1): From (g)(ii), (0,0) is a POl z.g. By symmetry, (b,0) is also a
POl z.g. (4,4, (%)) is alocal maximum. The function increases from z = 0 to
xr = b/2 and then decreases from z = b/2to z = b.

Forz <0, g,(z) = (x(b—2))" < 0. For z > b, g,(x) < 0.
A horizontal line y = k can intersect at most twice if 0 < k& < g,(b/2). So, for

odd n, not four real solutions.

* If niseven (n > 1): From (g)(i), (0,0) is a local minimum. By symmetry, (b,0) is
also a local minimum.
The point (2,4, (%)) = (g, (§>n> is a local maximum.
The graph starts high (g,,(x) — oo as * — +o0), goes down to local minimum
(0,0), up to local maximum (2, (%)”), down to local minimum (b,0), and then
up high.
For y = k to intersect four times: £ must be greater than the value at the local
minima (0,0) and (b,0), and less than the value at the local maximum.

4

So,0 <k < (£> . Also, n must be an even positive integer, and n > 1 (as

n = 1 gives a parabola with at most 2 solutions).

, . b*\"
n is an even integer,n > 2, and 0 < k < (Z)
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Alternative Solutions to Problem 1

Alternative Solution to Problem 1(c)

Using the product rule for g, (z) = 2"(b — z)™

Let U(z) = z" and V(z) = (b—z)". Then U’(z) = nz"! and V'(x) = n(b — z)" 1 (-1).
g (x) =U'(z)V(x)+ U(z)V'(z) = nz" (b — z)" + 2" (—n(b— z)" ') = na" 1 (b — z)" —
na"™(b— x)" L,

Factor out common terms nz" (b — z)" 1

g (r) = nz" Y(b — 2)" (b —2) — 2] = na" (b — 2)"" (b — 2z). This matches the

previous result.
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Strategy to Analyze Polynomial Functions

1.

Degree 2n.
2. Find Domain: R for polynomials.
3. Find Intercepts: y=0 = z(b—2)=0 = z=00rz =». g,(0) =0.
4. Check Symmetry: g,(z) = (x(b—=x))". Let X = x—b/2. Thenz = X +b/2,

Identify Function Type: Symmetrical polynomial g,(z) = (z(b — x))".

b—x=5b/2—X.Sox(b—2x)=(b/2)2— X2 g,(x) = ((b/2)? — (x — b/2)*)".
This is symmetric about z = 2.
First Derivative: Find critical points (¢, (z) = 0). These are z = 0,/2,b.
Classify them by analyzing the sign of ¢/ (x) around them, considering
the parity of n.

Behavior at = = 0, b: Depends on parity of n. If nis even (n > 1), g,(z) >
0, so (0,0) and (b,0) are local minima. If nis odd (n > 1), (0,0) and (b,0)
are points of inflection with zero gradient.

Behavior at = = b/2: ¢,(b/2) = (b?/4)" > 0. This is a local maximum as
z(b — x) is maximized at x = b/2.

Sketch Graph: Plot key points. Consider end behavior: For even n,
(b — x) ~ —z? for large |z|, so (z(b — z))* ~ (—2®)" = 2? — oo as
r — +oo. For odd n, (z(b — z))"* ~ (—z*)™ = —z*" (this is incorrect logic
for sign). Correct end behavior: z"(b— )" = z"(—=1)"(x — b)" ~ (—1)"z*".
If nis even, g,(z) = oo as x — +o0. If nis odd, g,(z) = —o0 as = — +o0.
Label Clearly: Mark intercepts, maxima, minima, points of inflection

on sketches.
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Visualization
Sketch for Problem 1(a)

g(z) =2(2 —x)
Y;
(1,1) Max

X

(0,0 1 i\go)

Explanation: The graph of g,(z) = z(2 — z) is a downward-opening parabola with

x-intercepts at (0,0) and (2,0), and a local maximum at (1, 1).

Sketches for Problem 1(h) understanding

Example sketches for g, (x) = 2"(b — )™ illustrating why n must be even for 4 solu-
tions to g,(z) = k. Let b = 2. Max value is ((22/4))" = 1" = 1.

n = F@)eh)=2= 2
yly

Explanation: For n = 3 (odd), g,(x) —» —occ asx — +oo. Aliney = k£ = 0.5 intersects

twice. For n = 2 (even), g,(x) — oo as x — +oo. y = k = 0.5 intersects four times.

©2025 Mathematics Elevate Academy Math by Rishabh Page 18


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Marking Criteria

Marking Criteria for Problem 1

Polynomial Functions (Total 31 marks):
« Part (a) Sketch [3 marks]
- A1 for correct z-intercepts (0,0) and (2,0).
- A1 for correct local maximum (1, 1).

- A1 for correct shape (downward parabola).

« Part (b) Table from GDC [6 marks]
- Forn = 3,5: A1 for 1 local max. A1 for O local min. A1 for 2 POI
with zero gradient.
- For n = 2,4: A1 for 1 local max. A1 for 2 local min. A1 for 0 POI
with zero gradient.
« Part (c) Derivative [3 marks]
- M1 for correct application of chain rule (or product rule).
- A1 for intermediate step e.g. n(z(b—x))" (b — 2x).
- A1 for final expression nz" (b — 2x)(b — z)" 1. AG.
« Part (d) Roots of derivative [2 marks]
- A1 forz =0,z =b. Al forz = b/2. (Award A1 for two correct, A2

for all three).

* Part (e) Point above x-axis [2 marks]
- M1 for evaluating g,,(b/2) = (b/2)"(b — b/2)™.
- A1 for g,(b/2) = (b*/4)" and stating it's > 0 as b > 0. AG.
* Part (f) Sign of ¢/, (b/4) [2 marks]
- M1 for substituting = = b/4 into g, (x).
- A1 for simplifying to n(30?/16)"~*(b/2) and stating it's > 0. AG.
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Polynomial Functions (Total 31 marks):
* Part (g)(i) Local minimum for even n [3 marks]
- M1 for evaluating ¢/,(—1) and finding its sign (negative for even n).
- R1 for noting ¢/,(0) = 0.
- A1 for concluding local minimum due to sign change of ¢/, (z) from
—to + around x =0 (using ¢/,(—1) < 0 and ¢/, (b/4) > 0).
+ Part (g)(ii) Inflection point for odd » [3 marks]
- M1 for evaluating ¢/,(—1) and finding its sign (positive for odd n).
- R1 for noting ¢,,(0) = 0.
- A1 for concluding POl with zero gradient due to ¢/,(x) not changing
sign (stays +) around z = 0.
« Part (h) Conditions for four real solutions [5 marks]
- R1 for stating n must be even.
- R1 for identifying n > 2 (or n > 1).
- M1 for considering the range of k relative to local extrema values
(0.and (b?/4)™).
- Al fork > 0.
- A1 for k < (b?/4)".
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Error Analysis: Common Mistakes and Fixes for Polynomial Functions

Mistake Explanation How to Fix It

Derivative  er- | Misapplying chain rule or prod- | Write g,(z) = (z(b — z))". Let

rors uct rule for ¢/ (z), especially | u = z(b — z). Then g,(z) =
with exponents n — 1. u". ¢ (z) = nu" /. Calculate

u' correctly. Or carefully apply

product rule to 2" (b — z)".

Missing critical

points

Forgetting one of the roots of
gh(x) =0, often z = b/2.

Ensure all factors 27!, (b —
z)" 1, (b — 2x) are considered
when setting ¢/,(x) = 0. Valid

forn > 1.

Misinterpreting GDC output,
especially for points of inflec-
tion with zero gradient vs. local

minima/maxima.

Verify that for POl with zero
0 but g/ (z)

gradient, ¢/ (z) =
does not change sign. For local
min/max, ¢/, (z) = 0 and g, (x)
changes sign. Check roots = =

0,2 carefully based on n's par-

ity.

Sign analysis er-

rors (part g)

Mistakes in determining the
sign of g/, (—1) or g, (b/4), espe-
cially with (—=1)"~1.

Carefully consider if n—1is odd
or even based on whether n is
odd or even. b+1,b+2 are pos-

itive since b > 0.

Conditions for 4

roots (part h)

Not realizing n must be even, or
incorrect range for k. Assum-
ing behavior of n = 1orn = 2

applies to all n.

Sketch or visualize g, (z) for odd
and even n. Four roots require
"W" shape (even n) and k to be
between the y-value of minima
and maximum. n > 2 for even

n.
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Mistake

Explanation

How to Fix It

Confusing criteria for point of
inflection with zero gradient. In
part (b), GDC might not explic-
itly state "POI with zero gradi-

"

ent”.

These occur when g/ (z) 0

0, and g;(z)

and g;(z) =
changes sign (or ¢/, (z) doesn't
change sign around =z, but
gh(xo) = 0). Fornodd, z =0

and z = b are such points.
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Key Takeaways

* The structure of g,(z) = (z(b — x))™ means its properties are related to the

simpler quadratic z(b — z).

* The parity of n (odd or even)is crucial for determining the nature of stationary

points atx =0 and z = b.
- Ifniseven (n > 1), g.(x) >0,s0 (0,0) and (b,0) are local minima.

- If nis odd (n > 1), g,(z) can be negative. (0,0) and (b,0) are points of

inflection with zero gradient.

* The point x = b/2 corresponds to the axis of symmetry of (b — ), and thus
is always a local maximum for g,(z) when z € (0,b). (More precisely, z(b — x)

is maximized, so g,(x) will have a local max there too).

* The number of solutions to g,(z) = k depends on the shape of ¢, (x) (deter-

mined by n) and the value of £ relative to local extrema.

+ Sign analysis of the first derivative ¢/ (z) around a critical point z, (where

g..(zo) = 0) is a robust way to classify it.
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Rishabh’s Insights - Shortcuts & Tricks

Symmetry is Key: Recognize that ¢, (z) = 2" (b — )" is symmetric about x =
b/2. This means if you analyze behavior at x = 0, the behavior at z = b is

analogous. E.g., if (0,0) is a local min, (b,0) is also a local min for even n.

Base Function i(z) = z(b — z): Think of g,(z) = (h(z))". The critical points
of g, () will include critical points of h(z) (i.e. x = b/2) and roots of h(z) (i.e.

x=0,b).

Parity Power: For terms like z"~! or (b — x)""! in ¢/ (z), their sign depends
critically on the parity of n — 1.
If nis even, n — 1is odd: 2"~ changes sign at = = 0.

If nis odd, n — 1is even: z"! is positive for z £ 0 (if n — 1 > 0).

GDC for Table (Part b): Use the GDC to quickly observe patterns for specified
n. Ensure your GDC window shows all relevant features, especially near x = 0

and x = 2.

Check Smallest n for AG parts: For "Show that...” questions like part (c) or (f),
if you're stuck on the general algebra, test with n = 2 (or n = 1 if applicable)
to see if your specific case matches the target. For ¢/ (x), n = 1 yields ¢;(x) =

1-2%0b —2x)(b— x)? = b — 2z, which is correct for g, (z) = bx — 22

Part (h) - Visual Reasoning: For the number of roots of g,(z) = k, a quick
mental sketch based on the classification of critical points (minima at 0, b and

max at b/2 for even n) is very effective.
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Basic Foundational Theory

Polynomials: A function of the form P(z) = aja* + - - - + a1 + ao. The degree

of g.(x) = 2™(b — x)™ is 2n.
Intercepts: z-intercepts are found by setting y = 0. y-intercept is found by

setting = = 0.

Stationary Points (Critical Points): Points where the first derivative f'(x) is

zero or undefined. For polynomials, f'(z) = 0.

Classifying Stationary Points:

- First Derivative Test: Check sign of f/(x) on either side of the critical

point.

- Second Derivative Test: If f'(c) = 0: If f"(c) > 0 = local minimum. If

f"(c) <0 = local maximum. If f”(c) =0 == testis inconclusive.

Points of Inflection (POI): Points where concavity changes. Occur when
f"(z) = 0 oris undefined, AND f”(z) changes sign around that point. A POI
with zero gradient has f/(z) = 0 and f"(x) = 0 (and f”(z) changes sign).

Symmetry: A function f(z) is symmetric about x = cif f(c — h) = f(c+ h).

gn(z) = 2™(b — x)™ is symmetric about = = b/2.
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Practice Problems 1

Practice Problem 1: Polynomial Graph

Let f(x) = 2(4 — z). Sketch the graph of y = f(x), indicating all intercepts with the

axes and the coordinates of any local maximum or minimum points.  [3 marks]

Solution to Practice Problem 1

f(z) = 4z — 22, Intercepts: y-int: f(0) =0 = (0,0). z-int: z(4 —2) =0 = 2 =
0,r =4 = (0,0),(4,0).
Local max/min: f'(x) = 4 — 2z, f'(x) =0 == x = 2. f(2) = 2(4 — 2) = 4. Point (2,4).

() =-2<0 = (2,4)is alocal maximum.

Intercepts: (0,0), (4,0); Local maximum: (2,4)

Practice Problem 2: Critical Points

Find the z-coordinates of the critical points of h(z) = 22(1 — z)?. [3 marks]

Solution to Practice Problem 2

This is g,(z) withn =2 and b= 1. So ¢/ (z) = na" 1 (b — )"~ (b — 2x).

B (x) = 22271 (1—2)?>"1(1-22) = 22(1—2)(1—22). Seth/(x) =0 = 2z(1—2)(1-22) =
0.

Critical pointsatz =0,z =1,z =1/2.

r=0,z=1/2,z=1
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Further Problems 1

Further Problem 1: Polynomial Analysis

Consider f,(z) = 2"(c — z)" where ¢ < 0 and n is an even positive integer (n > 2).

Find the xz-coordinates of any local maxima and local minima. [5 marks]

Solution to Further Problem 1

This is g,(z) with b = c. f/(z) = nz" (¢ — z)" " (c — 2x).

Critical pointsarex = 0,z = ¢,z = ¢/2. Sinceniseven(n > 2), f,(z) = (z(c—z))" > 0.
f»(0) = 0 and f,(c) = 0. These are the lowest possible values, soz =0and z = ¢
are local minima.

The point x = ¢/2 is between cand 0 (since ¢ < 0, ¢/2 is also negative, and ¢ < ¢/2 <
0).

fa(c/2) = ((¢/2)(c — ¢/2))" = ((¢/2)(c/2))™ = (c*/4)". Since ¢ # 0, ¢*/4 > 0, sO
fn(c/2) > 0.

Since z = 0, ¢ are local minima (value 0), and f,(¢/2) > 0, z = ¢/2 must be a local

maximum.

Local minima at x = 0,z = ¢. Local maximum at z = ¢/2.

Further Problem 2: Root Conditions

For h,(x) = 2™(2 — )", where n is an odd integer n > 3. Determine the number of
distinct real solutions to h,(z) = k for k € R. Consider different ranges of k. [4

marks]

Solution to Further Problem 2

For n odd (n > 3):

(0,0) and (2,0) are POl z.g. (1,h,(1)) = (1,1) is a local maximum.

End behavior: Asz — +oo, 2(2—1) ~ —2? — —00. SO h,(z) = (z(2—2))" — (—00)" =
—oo (since n is odd).

Graph comes from —oo, up to POI (0,0), continues up to local max (1, 1), down to

POI (2,0), continues down to —oc.
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Number of solutions for h,(z) = k:

If £ > 1: No solutions.

If ¥ = 1: One solution (at z = 1).

If 0 < k < 1: Two distinct solutions.

If & = 0: Two distinct solutions (at z = 0,z = 2).

If & < 0: Two distinct solutions.

( (
0 solutions ifk >1 0 k>1
1solution ifk=1 Refined: <1 k=1
2solutions ifk<0or0<k<1 = k<1 2 k<1
\ \
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Problem 2 [Total Marks: 24]

This question is about the n-th roots of unity. Let z € C. The n-th roots of 2" =1
can be written as 1,w,w?, ...,w" !, wherew = e’» . These roots can be represented
as points Py, P, P, ..., P,_, respectively, on a circle of radius 1 centred at the origin
0(0,0) in an Argand diagram. Let PP, denote the distance from point P, to point

B.

(a) Consider the case n = 3. The roots are 1, w, w?.

(i) Show that (w — 1)(W? +w +1) = w® — 1. [2 marks]
(i) Hence, deduce that w? +w + 1 = 0. [2 marks]
(b) For n = 3, show that PP, - PyP, = 3. [4 marks]

(c) Forn =4, the roots are 1,w, w? w?. By factorizing z* — 1 or otherwise, deduce

thatw? + w? +w+1=0. [3 marks]
(d) For n =4, show that PP, - PyP, - PyP; = 4. [4 marks]

(e) For a general integer n > 2, suggest a value for the product PyP, - PyPs - ... -
PyP,_;. [1 mark]

(f) (i) Write down expressions for the distances P, P, and P, P; in terms of w.

[2 marks]

(ii) Write down an expression for the distance P,P,_; in terms of n and w.
[1 mark]

(g) Consider the identity 2" — 1 = (z — 1)(z" ' +2"2+ ... + 2 + 1). The roots of

M—1=0arel,ww? ... w" kL

(i) Express 2" '+ 272+ ...+ 2z +1 as a product of linear factors in terms of

z and w. [2 marks]
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(i) By substituting an appropriate value for z, prove your suggested value

in part (e). [3 marks]
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Solution to Problem 2

Solution to Problem 2(a)(i)

Expand the left hand side (LHS):
LHS = (w—1)(w?+w+1) =ww+w+1) - 1(w+w+1) = (WP +w?+w) — (W +w+1)
=W+ wtw—w?—w—-1=w -1

This is equal to the right hand side (RHS).

(w—DWH+w+l)=w?—1
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Solution to Problem 2(a)(ii)

271 .
Forn=3,w=¢3 isarootof z3=1.So, w? = 1.

Therefore, w? — 1 = 0.
From part (a)(i), (w — 1)(w? + w + 1) = 0.
Sincew = e’5° # 1, the factor (w — 1) # 0.

Thus, the other factor must be zero: w? + w + 1 = 0.

W +w+1=0
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Solution to Problem 2(b)

The points are P, representing z, = 1, P, representing z; = w, and P, representing

29 = w2,
The distance PyPy is |z0 — zk| = |1 — zx]. PoPL = |1 — w|.
P()PQ: |1—w2|.

The productis PP, - PyPy = |1 — wl||1 — w?| = |(1 — w)(1 — w?)|.
1-—w)(l—w?)=1-w?—w+uw

Since w3 =1 and from (a)(ii) w? + w = —1:

l—(WHw +uwd=1-(-1)+1=1+1+1=3.

So, PPy - PPy = |3] = 3.

POP1'POP2:3
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Solution to Problem 2(c)

27

Forn—=4,w =i —e% =i.
Therootsof 2* — 1 =0are 1,w,w?, wd.

Wehave 2t — 1= (z = 1)(2* + 22 + 2+ 1).

Sincewisarootof z* —1=0andw # 1, wmustbearoot of 23+ 22+ 2+1=0.

Therefore, w3 +w? +w+1=0.

WP+’ +w+1=0
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Solution to Problem 2(d)

For n = 4, the points are Py(1), P;(w), P»(w?), P3(w?).
The product of distances is PP, - ByPy - PyP3 = |1 — wl|1 — w?||1 — w3
This is equal to |(1 — w)(1 — w?)(1 — w?)|.

From part (c), the polynomial Q(z) = 23 + 2% + 2z + 1 has roots w, w? w?.

So, 22+ 22+ 2+ 1= (2 —w)(z —w?)(z —w?) (since leading coefficient is 1).

Substitute z = 1 into this polynomial:
B+124+14+1=(1-w)(l—-w?)(1l-uw?).
So,(1-w)(l—w?)(1-w?)=1+1+1+1=4.
The product of distances is |4| = 4.

|PyPy - PoPy - PPy =4
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Solution to Problem 2(e)

For n = 3, the product is 3. For n = 4, the product is 4.
Based on this pattern, for a general integer n > 2, the product Py P, - Py Ps-...- PyP, 4

is n.
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Solution to Problem 2(f)(i)

Py represents zy = 1. P, represents z;, = wk,
The distance By P, = |1 — w"|.

PPy = |1 — w?].

PyPs = |1 —uw?|.

P0P2:|1—CL)2|, P0P3:]1—w3]
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Solution to Problem 2(f)(ii)

The point P,_; represents the root w"~'. The distance PyP,_; = |1 — w"!|.

P()Pnfl = ’1 — wnill
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Solution to Problem 2(g)(i)

The polynomial 2" — 1 has roots 1,w,w?, ..., w" %

SO, 2" —1=(z—-1)(z—w)(z —w?) - (z —w" ).

Wearegiven 2" — 1= (z — 1)(2" 1+ 2" 24 ...+ 2+ 1).
Comparing the two factorizations by dividing by (z — 1) (for z # 1):
42 24+ l=(—w)(z—w?) - (2w

N4 2+t l=(—w)(z—w?) - (2 =W
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Solution to Problem 2(g)(ii)

The product of distances is PByPy - PPy« ...- PPy 1 = |1 —w| |1 —w?|-...- |1 —w"!].
This can be written as |(1 — w)(1 — w?)--- (1 — w7 1)|.

Using the result from part (g)(i):

4 42+ l= (- w) (2 W) (2 — W),

Substitute z = 1 into this identity:

LHS: 1! 4+ 1"=2 4 ...+ 1+ 1. There are n terms, each equal to 1. So, LHS = n.
RHS: (1 — w)(1 —w?) -+ (1 —w™ ).

So,n=(1-w)(l—w?- - (1—-w"1).

Taking the modulus of both sides:

In] = |(1 —w)(1 —w?) - (1 —w1)|. Since n > 2, nis a positive real number, so
In| = n.
n=I1-wl-1-w? ...-|]1—w"|

This is exactly the product PPy - ByPs - ... - ByP, ;.

Therefore, the product is n. This proves the suggestion from part (e).

P0P1'P0P2'...'P0Pn_1:n

©2025 Mathematics Elevate Academy Math by Rishabh Page 40


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Alternative Solutions to Problem 2

Alternative Solution to Problem 2(b) (Geometric/Trigonometric)

For n = 3, roots are Py(1), Py(e?™/3), Py(e™/3).

Py = (1,0). P, = (cos(2/3),sin(2r/3)) = (—=1/2,v/3/2).

P, = (cos(4n/3),sin(4r/3)) = (—1/2, —/3/2).

(PoPy)? = (1 — (=1/2))2 + (0 — v/3/2)% = (3/2)® + (—/3/2)?> = 9/4 + 3/4 = 12/4 = 3.
So PP, = /3.

(PoP2)® = (1= (=1/2)) + (0 — (=V3/2))* = (3/2)° + (V3/2)* = 9/4 + 3/4 = 12/4 = 3.
So PP, = /3.

PPy - PyPy = /3 -/3 = 3.
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Strategy to Analyze Complex Roots of Unity

1. Definition of w: Understand w = €™/ and that w™ = 1. The roots are
1Lw,..., w1

2. Polynomial Factorization: Key identities are 2" —1 = [[/} (> —w*) and
—1=(z—-1)E"1+2"2 4+ +1).

3. Rootsof Q(z): Therootsof Q(z) = 2" 1 +2"2+. .. +larew,w?, ... ,w" L

4. Geometric Interpretation: Roots are vertices of a regular n-gon in-
scribed in the unit circle in the Argand diagram. £ is at (1,0).

5. Distance Formula: The distance between points representing complex
numbers z, and z, is |z, — z|. In this problem, PP, = |1 — w*|.

6. Product of Distances: The problem revolves around evaluating
[1/Z; |1 — w*|. This is achieved by substituting » = 1 into Q(z) =

n—1
k=1

7. Valueof Q(1): Q(1) =1""'+1"2+ ... +1 = n(sum of n ones).

(z — w*) and taking the modulus.
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Visualization

Roots of Unity for n = 3

Explanation: The three cube roots of unity on the unit circle. Py is at 1. P; is

w = €273, Py is w? = ¢"*/3, The dashed lines show the distances PyP, and P, P;.

Roots of Unity for n = 4
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Explanation: The four fourth roots of unity on the unit circle: 1,7, —1, —i. Dashed

lines indicate distances from P,.

©2025 Mathematics Elevate Academy Math by Rishabh Page 44


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Marking Criteria

Marking Criteria for Problem 2

Complex Roots of Unity (Total 24 marks):
+ Part (a)(i) Expansion [2 marks]
- M1 for attempting to expand LHS. A1 for correct expansion to w? —
1. AG.

« Part (a)(ii) Deduction [2 marks]
-R1forwd—1=0.R1forw—-1#0 = w?+w+1=0.AG.
« Part (b) Product for n = 3 [4 marks]
- M1 for Ry P, = |1—w|, PyP, = |1—w?|. M1 for product |(1—w)(1—w?)|.
- M1 for expanding (1 — w)(1 — w?) = 1 — w — w? + w?®. A1 for using
w? =1,w+w? = —1to get 3. AG.
« Part (c) Deduction for n = 4 [3 marks]
-M1forz*—1=(2—-1)(z>+ 224+ 2+ 1). R1forw # 1is a root of
2t —1=0.
- A1 for deducing wis aroot of 2% + 22 + 2 +1 = 0. AG.
« Part (d) Product for n = 4 [4 marks]
- M1 for product as |(1 —w)(1 —w?)(1 —w?)|. R1 for linking to 23 + 22 +
z+ 1.
- M1 for substituting z = 1 into 2% + 22 + z + 1. A1 for result 4. AG.
* Part (e) Suggestion for general n [1 mark]
- A1 forn.

+ Part (f)(i) Expressions for distances [2 marks]
- A1 for RyP, = |1 — w?|. Al for PyP3 = |1 — w?|.
* Part (f)(ii) Expression for P, P, ; [1 mark]
- Alfor BB, 1 =|1—w"!|.
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Marking Criteria for Problem 2 - Continued...

Complex Roots of Unity (Total 24 marks): Continued...

 Part (g)(i) Product of linear factors [2 marks]
- M1 for using roots w, ...,w" t for 2"t + ... + 1.
- Alfor (z —w)(z —w?) -+ (z —w" ). AG.

+ Part (g)(ii) Proof of suggestion [3 marks]
- M1 for substituting z = 1into 2" ' +--- + 1 = [](z — w*).
- A1 for LHS sum is n. A1 for RHS product leads to n after modulus.

AG.
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Error Analysis: Common Mistakes and Fixes for Complex Roots

Mistake

Explanation

How to Fix It

Algebraic expan-

sion

Errors in expanding products
like (w — 1)(w? +w+1)or (1 —
w)(1 —w?).

Distribute terms carefully, one
by one. Keep track of signs.
Use w™ = 1 at the appropriate

step.

Deduction logic

In (a)(ii) or (c), stating w? + w +
1 = 0 without properly justify-
ingwhy w — 1 # 0.

Explicitly state that w = 2™/
(for n > 2) is not equal to 1, so

the factor (w — 1) is non-zero.

Calculating |(1 — w)(1 — w?)| as
|1—w||1—w?| butthen forgetting
the modulus for the final result
if the product (1—w)(1—w?) is al-
ready real and positive. Or, er-
rors in calculating specific mod-

uli like 1 — 4.

Remember |AB| = |A||B|. The
product of distances is inher-
If (1 —w)(1 —

w?)... evaluates to a real num-

ently positive.

ber X, the product of moduli is

| X|. For |a + bi| = Va? + b2

Factorization

confusion

Incorrectly stating the roots of
274+ 1 =0, or how it re-

latesto 2 — 1 = 0.

Roots of 2" — 1 0 are

n—1

Since 2" — 1

lw,...,w
(z—=1)(z" 1 +.--+1), the roots
of 2»! +...+1 = 0 must be

n—1

Wyenn W

1 into 2" —

Substituting =
1 = [](z — w*) instead of into
i1 (z = wh).

Or algebraic error in summing

o1 =

T+1+---+1.

The expression for the prod-
uct of distances |(1 —w)... (1 —
w" 1) matches the factored
form of z"~' + ...+ 1 evaluated
atz=1.Thesum 1"t +... +1

has n terms.
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Key Takeaways

« The n-th roots of unity, z;, = w* = e?™*/"fork =0,1,...,n—1, are fundamental

in complex analysis. zy = 1.
« Theidentity 2" — 1= (2 — 1)(z" '+ 2" 2+ ...+ 2+ 1) is crucial.
* Therootsof Q(z) =2""1+ 2" 24+ ... 4+ 2+1=0arew,w? ..., w"
* Thus, Q(z) can be factorized as Q(z) = (z —w)(z —w?) - -+ (z — W™ ).
* The distance from P, (representing 1) to P, (representing w*) is |1 — w*|.
- The product of these distances (excluding P, to itself) is []{—; |1 — w*|.

* This productis |Q(1)|. Since Q(1) = 1"' 4+ ...+ 1 =n x 1 = n. So the product

IS n.

* This result has a geometric interpretation: the product of the lengths of the
chords from one vertex of a regular n-gon inscribed in a unit circle to all other

vertices is n.

©2025 Mathematics Elevate Academy Math by Rishabh Page 48


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AA HL Paper 3 Apply for Mentorship Mathematics Elevate Academy

Rishabh’s Insights - Shortcuts & Tricks

Sum of Roots: Forn > 2,1+ w +w? + --- +w" ! = 0. This is often useful. For
example, in 2(a)(ii), w? + w + 1 = 0 is directly this sum for n = 3. In 2(c), for
n =4, w+w?+w+1=0(wherew = i) is part of this sum excluding the "1’

term.

Geometric Intuition: Visualizing the roots on the Argand diagram as vertices
of a regular n-gon helps. For n = 4, roots are 1,4, —1, —i, forming a square.

This makes distance calculations like |1 —i| or |1 — (—1)| very intuitive.

Symmetry of Distances: |1 —w"*| = [1 —w"*|. Thisis because w"* = w"w™* =
w™F = Wk (conjugate if w is on unit circle). So |1 —w*| = |1 —w*|. Geometrically,

the chord Ry P, has the same length as P, P, .

Polynomial Root Product Property: For a polynomial a,,z™ + -+ + ag =
am [1(z = ), if we need [[(c — ), it's (apnc™ + -+ + ag)/am. Here, Q(z) =
n—1

2" +...+1, so the leading coefficient a,,_; = 1. The product [],—, (1 —«*) is
Q(1)/1=Q(1).

Small n Verification: If unsure about a general step, quickly verify with n = 3
or n = 4. For example, in (g)(i), forn =3, 22+ 2+ 1 = (2 — w)(z — w?), which is

known from basic quadratic theory if roots are w, w?.
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Basic Foundational Theory

Roots of Unity: Solutions to 2" =1 are z;, = e fork =0,1,... ,n— 1. Let

w = ¢, then roots are 1,w,w?, ..., w" L.
Properties of w: w" = 1. [w| = 1. w = w™! = w"! (for w on unit circle).

Sum of n-th Roots of Unity: >} w" =1+w+...+w" ! =0forn > 2. (This

is from sum of a geometric series <=1 = =1 = 0 for w # 1).
w— w—1

Polynomial Factorization: If a polynomial P(z) hasrootsr,...,r, and lead-

ing coefficient a,,, then P(z) = a,,(z —71) -+ (2 — ).
Modulus of a Complex Number: For z = = + iy, |z| = /2% + 2.
Properties of Modulus: |z, 2| = |21||22]. |21/22] = |21|/|22]-

Distance in Argand Diagram: Distance between points representing z; and

Z9 is ‘Zl — 22|.
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Practice Problems 2

Practice Problem 1: n = 5 sum of roots

Forn =5, let w = €2™/5, Show that 1 + w + w? + w3 + w* = 0. [2 marks]

Solution to Practice Problem 1

Thesum S =1+ w + w? + w? + wt is a geometric series with first term a = 1, ratio

r =w,and N =5 terms.
S _ a(rN—l) o 1(w5—1)

r—1 w—1

Since w = 627r7;/5, Wi = (627”'/5)5 — e2m — 1,
SoS=11=_0 Sincew#1l(@sn=5>2),w—1%#0.

Thus S = 0.

‘1—|—w+w2+w3—|—w4:0‘

Practice Problem 2: Distance for n = 6

For n = 6, find the distance P, P;. P, represents 1, P; represents w?. [2 marks]

Solution to Practice Problem 2

Forn = 6, w = e2™/6 = e™/3, P; represents w? = (e™/3)3 = ™,
e™ = cos(m) +isin(r) = -1+ 0i = —1. P, represents 1.
The distance PP = |1 — w?| = [1 — (=1)| = |1 + 1| = 2] = 2.
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Further Problems 2

Further Problem 1: Product of all chord lengths from F

Let iy, Py, ..., P,_1 bethevertices of aregular n-gon inscribed in a circle of radius R
centered at the origin. If By is at (R, 0) (i.e., represents the complex number R), find
the product of the lengths of the chords from P, to all other vertices Py,..., P, ;.
[4 marks]

Solution to Further Problem 1

The vertices are z, = Rw* = Re®® /" fork =0,...,n — 1.

P, represents zy = Rw’ = R.

The distance from Py to P is |20 — 2| = |R — Rw*| = |R(1 — w*)| = R|1 — w*]| (since
R >0).

The product of the lengths of the chords from P, to all other vertices Py,..., P, 4
is:

Product = [[}—{ (R|1 — w*|) = R* 2] 11 — wh|.

From Problem 2(g)(ii), we established that H’,jj 1 — Wk =n.

So the productis R*! - n.
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Further Problem 2: Sum of squares of chord lengths from F;

For the n-th roots of unity 1,w, ..., w" ! (points R, ..., P,_; on the unit circle), find
the sum of the squares of the distances from P, to all other points: S = S"7_1 (P, P;)>.
[6 marks]

Solution to Further Problem 2

(PyPy)? = |1 — w2
11 — w2 = (1 — w*)(1 — wk). Since w is on the unit circle, wk = w*.
So, [1-w*? = (1-wh)(1-w™*) = 1—wF—wht+whw ™ = 1—wF—wF+1 = 2— (Wr4w™*).
Thesum S = 37712 — (W* +w™)].
S =002 s W +w ).
"12=2(n—1).
We know 1 +w +w? + .. 1=0.S0 Y wh = 1.
Also, w™* = W™, The set {w™!,w™2,...,w ™Y} is the same as {w" !, w"?,... W'}
(just reordered).
So Y wh = > i Wl = 1.
Therefore, 37—/ (WF +w™) = S0 wF + S0 w ™ = (—1) + (—1) = —2.
So,S=2(n—1)—(-2)=2n—2+2=2n.

i
L

(P()Pk)Q =2n
1

£
Il
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Conclusion: Your Path to Mathematical Mastery

This guide has provided you with a powerful toolset for tackling IB Math AA HL
Paper 3 challenges. However, true mathematical mastery is an ongoing journey -

a blend of understanding, skill, and strategic thinking.

All solutions and commentary are original work by Rishabh Kumar, Mathematics
Elevate Academy.

Key Takeaways for Exam Success:

* Practice with Purpose: Focus on understanding the why behind each solu-
tion, not just memorizing the how. The more you challenge yourself and solve

problems, the easier and better you will do it.

+ Embrace Your Mistakes: Every mistake is an opportunity to learn. Analyze

what worked and what you can improve next time.

« Time is a Crucial Asset: Simulate the exam and prepare well to achieve suc-

cess.

Unlock all our proven strategies and keep expert guidance by your side.
Apply now for:

* Mentorship Programs

Standard Tutoring

Doubt Clearance Sessions

Problem-Solving Practice

Mastery of Core Concepts

* Crash Courses

Advanced Mathematics Problem Solving
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+ Olympiad Math Mentorship
Whether it's Mathematics or Statistics — we've got you covered.

To your Mathematical Journey!

Excellence in Advanced Math Education

Rishabh Kumar

Here is why you should trust: over 5 years of teaching experience, IIT Guwa-
hati & the Indian Statistical Institute alumnus, and so on!
You are the boss! Click this (Mathematics Elevate Academy) to explore a new world

of Mathematics - Practice, Learn & Apply for Mentorship

Thank You All

Apply for Mentorship Connect on LinkedIn Mathematics Elevate Academy
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