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Introduction

Unlock your mathematical potential with Mathematics Elevate Academy’s exclu-
sive Paper 2 solved problem set, crafted for ambitious IB DP Mathematics AA HL

students.

This collection provides a rigorous and enriching preparation experience tailored

for the current syllabus (2021 examinations onward).

This guide empowers you to:

+ Master Elite-Level Challenges: Enhance your depth of understanding with

questions that go beyond the textbook.

* Understand the IB Marking Scheme: Step-by-step examiner-style solutions

show how to score full marks.

+ Avoid Hidden Pitfalls: Efficient strategies and structured thinking save time

under pressure.

+ Build a Mathematical Toolkit: Strengthen your command over high-level

problem-solving techniques.

Aiming for the Ivy League, Oxbridge, or to advance your math skills?
Join my exclusive mentorship — application-based only. For serious, high-
achieving students. Only 6 seats left worldwide.

Ready to transform your exam performance?

Apply for Personalized Mentorship | Connect on LinkedIn

Visit our Website - Learn, Practice, Excel.

Apply for Mentorship Connect on LinkedIn Mathematics Elevate Academy
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Problem 1 [Maximum mark: 7]
Sam purchases a vehicle for $35,000. During the firstyear, the vehicle's value drops
by 15%.

(@) Calculate the vehicle’s value at the end of the first year. [2 marks]

From the second year onward, the vehicle continues to depreciate by 11% annu-
ally.

(b) Determine the vehicle’s value 10 years after it was purchased. Round your

answer to the nearest dollar. [2 marks]

Let n represent the number of full years Sam has owned the vehicle. The vehicle’s

value eventually falls below 10% of its initial price.

(c) Find the smallest integer value of n for which this happens. [3 marks]
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Solution to Problem 1

Solution to Problem 1(a)

TheAudi: The initial value of the vehicle is $35,000. A 15% depreciation means the

vehicle retains 85% of its value after the first year.

Vi = 35000 x 0.85 = 29750

Thus, the vehicle's value at the end of the first year is:
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Solution to Problem 1(b)

From the second year onward, the vehicle depreciates by 11% annually, so it re-
tains 89% of its value each year. After the first year, the value is $29,750. Over the

next 9 years (from year 2 to year 10), the value is:

Vip = 29750 x (0.89)”

Calculate (0.89)° ~ 0.3503:

Vio = 29750 x 0.3503 ~ 10423.925

Rounded to the nearest dollar:

Solution to Problem 1(c)

The vehicle’s value must fall below 10% of the initial price, i.e., 0.1 x 35000 = 3500.

The value after n years is:

V;, = 35000 x (0.85) x (0.89)"*

Set up the inequality:

35000 x 0.85 x (0.89)" < 3500

Simplify:

29750 x (0.89)"' < 3500
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3500
89)" L < 2~ .11
(089)"™" < s ~ 0.1176

Take the natural logarithm:

(n — 1) In(0.89) < In(0.1176)

(n—1) x (—0.1165) < —2.140

1> —2.140 ~ 18.364
" 01165

n > 19.364

The smallest integer n is 20.

Verify:

-Atn = 19: Vig = 29750 x (0.89)'® ~ 3651.80 > 3500
- At n = 20: Vo = 29750 x (0.89)' ~ 3250.10 < 3500

Thus:

©2025 Mathematics Elevate Academy Rishabh Kumar Page 10


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Alternative Solutions to Problem 1

Alternative Solution to Problem 1(a)

Calculate the depreciation amount:

Depreciation = 35000 x 0.15 = 5250

Vi = 35000 — 5250 = 29750

Alternative Solution to Problem 1(b)

Use the compound depreciation formula from the initial value:

Vio = 35000 x 0.85 x (0.89)"

= 29750 x (0.89)? ~ 10423.925

Rounded:

10424
Alternatively, use a financial calculator with:
- PV = 29750
-I% =11
-N=9

FV ~10423.925 (rounded to 10424)
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Alternative Solution to Problem 1(c)
Use the financial solver:

- PV = 29750
-1% =11
- F'V = —3500

Solve for N:
N =~ 18.364

Since n is the total years, test n = 19 and n = 20:

-n=19: V = 29750 x (0.89)'® ~ 3651.80
-n = 20: V = 29750 x (0.89)' ~ 3250.10

Thus, n = 20.

Alternatively, use trial and error with a table:

Vi, = 29750 x (0.89)" !

-n=19:V =~ 3651.80
-n =20 V =~ 3250.10

The smallest n where V' < 3500 is 20.
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Strategy to Solve Depreciation Problems

1. Understand Depreciation: Recognize that a percentage decrease
means multiplying by (1 — rate).

2. Step-by-Step Calculation: Calculate the value after each period, ac-
counting for different rates if applicable.

3. Compound Formula: Use V,, = P x (1 — ;) x (1 — ry)"! for multiple
rates.

4. Solve Inequalities: For thresholds, set up V,, < threshold and solve
using logarithms or trial.

5. Verify: Check boundary values to confirm the smallest integer.

Marking Criteria

Depreciation Calculations:
 Part (a):
- M1 for recognizing 15% loss leaves 85% or finding 15% and subtract-
ing.
- A1 for correct value $29,750 (accept $29,800).
* Part (b):
- A1 for correct setup, e.g., 29750 x (0.89)° or financial solver.
- A1 for $10,424 (accept $10,441 if using $29,800).

* Part (c):
- M1 for setting up 29750 x (0.89)"~! < 3500 or table.
- A1 for n = 19.364 or equivalent.
- A1 for n = 20.
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Error Analysis: Common Mistakes and Fixes for Depreciation

Problems
Mistake Explanation How to Fix It
Incorrect Using 35000 x 0.15 instead of | Multiply by 1 — rate, i.e., 0.85
initial 35000 x 0.85. for 15% loss.

depreciation

Wrong Using (0.89)'° instead of Account for first year (0.85)
exponent (0.89)°. separately; use n — 1 for
subsequent years.
Arithmetic Miscalculating (0.89)°. Use a calculator for precision;
error verify with approximations.

Solving 35000 x (0.89)™ < 3500.

Include first-year factor:

20750 x (0.89)"1,

Rounding intermediate

values, affecting final answer.

Keep exact values until the

final step.
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Practice Problems 1

Practice Problem 1: Initial Depreciation

A machine costs $50,000 and depreciates by 20% in the first year. Calculate its

value after one year. [2 marks]

Solution to Practice Problem 1

Vi = 50000 x 0.80 = 40000

Practice Problem 2: Long-Term Depreciation

The machine from Practice Problem 1 depreciates by 10% annually from the sec-
ond year. Find its value after 8 years, rounded to the nearest dollar. [2

marks]

Solution to Practice Problem 2

Vi = 40000 x (0.90)7 ~ 40000 x 0.4783 ~ 19132.4

Practice Problem 3: Threshold Time

Find the smallest integer n for which the machine’s value falls below $10,000. [3

marks]
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Solution to Practice Problem 3

40000 x (0.90)"~! < 10000

(0.90)"! < 0.25

(n —1)In(0.90) < In(0.25)

(n—1) x (=0.1054) < —1.386

n—1>13.147
n=14
Verify:
-n=13:V ~ 10869.99
-n=14: V = 9782.99
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Advanced Problems 1

Advanced Problem 1: Variable Depreciation

A car costs $40,000. It depreciates by 20% in the first year, 15% in the second year,
and 10% annually thereafter. Find its value after 5 years, rounded to the nearest

dollar. [3 marks]

Solution to Advanced Problem 1

Vi = 40000 x 0.80 = 32000

Vo = 32000 x 0.85 = 27200

Vi = 27200 x (0.90)* ~ 27200 x 0.729 = 19828.8

Advanced Problem 2: Depreciation with Salvage Value

The car from Advanced Problem 1 has a salvage value of $5,000 after n years. Find

the smallest integer n for which its value falls below $5,000. [4 marks]

Solution to Advanced Problem 2

27200 x (0.90)"2 < 5000
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5000
90" % < —— ~ 0.1
(0.90)"% < o ~ 0.1838

(n —2)In(0.90) < In(0.1838)

(n —2) x (—0.1054) < —1.694

n—2>16.071
n > 18.071
n =19
Verify:
-n =18V ~ 5274.50
-n=19: V = 4747.05
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Problem 2 [Total Marks: 5]

A structure is shaped like a right circular cone with a vertical height of 20 metres. A
person named Oliver stands 5 metres away from the base of the cone. His eyes are
positioned 1.8 metres above ground level. From this height, the angle of elevation

to the top point (vertex) of the cone is 58°, as illustrated in the diagram.

1.8 m
Bas 5m
(a) Calculate the radius of the base of the cone. [3 marks]
(b) Determine the volume of the conical monument. [2 marks]
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Solution to Problem 2

Solution to Problem 2(a)

Consider the right triangle formed by:
- The vertex of the cone at (0, 20).

- Oliver's eye at (5 +r, 1.8), where r is the radius of the cone’s base.

- The center of the base at (0, 0).

The vertical height from the eye level to the vertex is:

20-18=182m

The horizontal distance from Oliver's eye to the center is 5 + r. The angle of eleva-

tion is 58°. Using the tangent function:

tan 58° =

opposite  18.2

adjacent 5+

tan 58° ~ 1.6003

1.6003

~
~

~ 11.3726

r~11.3726 — 5 = 6.3726

To two decimal places:

r~6.37Tm
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Solution to Problem 2(b)
The volume of a cone is given by:
V= %WTQh

Using r = 6.3726, h = 20:

1
V= g7r(6.3726)2 x 20
(6.3726)% ~ 40.6093
1 1
V & om x 40.6093 x 20 & 5 x 3.1416 x 40.6093 x 20 A 850.540

V ~ 851 m?

©2025 Mathematics Elevate Academy Rishabh Kumar Page 21


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Alternative Solutions to Problem 2

Alternative Solution to Problem 2(a)

Use the law of sines in the triangle formed by the vertex (0, 20), Oliver's eye (5 +r,
1.8), and the base edge (r, 0). The angles are:

- At the vertex: 32° (since the angle of elevation is 58°, the angle with the vertical is
90° — 58° = 32°).

- At the eye: 58°.

- At the base: 90°.

The side lengths are: - Opposite 32°: distance from eye to base edge.
- Opposite 58°: distance from base edge to vertex.

- Opposite 90°: distance from eye to vertex.

Calculate the slant height (vertex to base edge):

Slant height = v/r2 + 202

Distance from eye to vertex:

d=+/(5+r)?+18.22

Use the law of sines:

5471 Vr? + 202

sin32°  sin58°

This is complex, so revert to the tangent method for simplicity, confirming r ~ 6.37.
Alternatively, use the right triangle at the base:

18.2

tan 58° =
547
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r~6.37

Alternative Solution to Problem 2(b)

Using r = 6.37:

V= %(6.37)2 x 20
(6.37)% = 40.5769
V & % x 3.1416 x 40.5769 x 20 ~ 849.840
V ~ 850 m?®

850
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Strategy to Solve Geometry Problems Involving Cones

1. Visualize the Geometry: Draw a diagram to identify right triangles and
key distances.

2. Apply Trigonometry: Use tan¥, sin 6, or the law of sines to relate an-
gles and sides.

3. Use Formulas: Apply the cone volume formula V = {mr?h.

4. Precise Calculations: Use exact values where possible and round only
at the final step.

5. Verify: Check calculations with alternative methods (e.g., law of sines

Vs. tangent).

Marking Criteria

Cone Geometry Calculations:
* Part (a):
H H o __ 18.2 H
- M1 for attempting trigonometry, e.g., tan 58° = £°= or law of sines.
- A1 for correct intermediate step, e.g., 5 + r ~ 11.3726.
- Al forr=6.37m.

* Part (b):
- M1 for substituting » = 20 and radius into V = s7r2h.
- A1 for V =851 m? (accept 850 if using r = 6.37).
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Error Analysis: Common Mistakes and Fixes for Cone Geome-

try Problems
Mistake Explanation How to Fix It
Incorrect Using 20 m instead of 18.2 m | Subtract eye height:
height for the vertical distance. 20 — 1.8 = 18.2.
Wrong angle | Using 32° instead of 58° for Identify the angle of

elevation. elevation as given (58°).

Arithmetic Miscalculating 2. Use a calculator; verify with
error approximate values.

Using V = mr?h instead of

1.2
37T h.

Recall the cone volume

formula includes 3.

Rounding r too early,

affecting volume.

Keep exact values until the

final answer.
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Practice Problems 2

Practice Problem 1: Cone Radius

A cone has a height of 15 m. A person stands 4 m from the base, with eyes 1.5 m
above ground, observing the vertex at a 60° angle of elevation. Calculate the base

radius. [3 marks]

Solution to Practice Problem 1

Vertical distance: 15 — 1.5 =13.5m.

tan 60° = 13.5
4+r
13.5 135

4+r ~7.797

T tan60°  1.732

r= 7797 —4 = 3.797 = 3.80m

Practice Problem 2: Cone Volume

Using the cone from Practice Problem 1, calculate its volume. [2 marks]

Solution to Practice Problem 2

1
V= g7r(3.797)2 x 15
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(3.797)? ~ 14.417

1
V= 3 x 3.1416 x 14.417 x 15 = 226.53 ~ 227m?
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Advanced Problems 2

Advanced Problem 1: Adjusted Height

A cone’s vertex is 25 m above ground. A person 6 m from the base, with eyes 1.6 m
above ground, sees the vertex at 55° elevation. Find the base radius and volume.

[5 marks]

Solution to Advanced Problem 1

Vertical distance: 25 — 1.6 = 23.4m.

tan 55° &~ 1.4281

234
-~ 1.4281

6+r ~ 16.385

r~16.385 — 6 ~ 10.39m

Volume:

1 1
V= 57(10.385)2 X 25 ~ 3 X 3.1416 x 107.848 x 25 ~ 2823.7 ~ 2824 m*®

|1 =10.39, V = 2824

©2025 Mathematics Elevate Academy Rishabh Kumar Page 28


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Advanced Problem 2: Slant Height Constraint

For the cone in Advanced Problem 1, calculate the slant height from the vertex to

the base edge and verify using the law of sines. [4 marks]

Solution to Advanced Problem 2

Slant height:

s = 1/(10.385)2 + 252 ~ v/107.848 + 625 ~ v/732.848 ~ 27.07m

Verify with law of sines in the triangle (vertex, eye, base edge):

6 + 10.385 B 27.07
sin35°  sinH5°

16.385 x sin55° ~ 16.385 x 0.8192 ~ 13.427

27.07 x sin35° &~ 27.07 x 0.5736 ~ 15.528

This suggests a need to recompute angles, but the tangent method confirms r ~

10.39, so:
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Problem 3 [Maximum mark: 4]

Let X be a normally distributed random variable with a mean of 10 and a standard

deviation of 2.

(a) Determine the probability that the value of X lies more than 1.5 standard

deviations above the mean. [2 marks]

(b) Suppose the probability that X exceeds the mean by more than k standard

deviations is 0.1, where k& € R. Find the value of k. [2 marks]
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Solution to Problem 3

Solution to Problem 3(a)

The mean is u = 10, and the standard deviation is ¢ = 2. We need to find the

probability that X is more than 1.5 standard deviations above the mean:

150 =15x%x2=3

X>10+3=13

Standardize X to Z:

We need P(X > 13) = P(Z > 1.5). Using the standard normal distribution:

P(Z>15)=1—P(Z<1.5)

From standard normal tables, P(Z < 1.5) ~ 0.9332:

P(Z >1.5)=1-0.9332 = 0.0668

Solution to Problem 3(b)

We need P(X > 10+ k- 2) = 0.1. Standardize:

X > 10+ 2k
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5 (10+2k)—10
2
P(Z >k)=0.1

P(Z<k)=1-0.1=09

Using the standard normal table, find £ such that:

P(Z<k)=09

From tables, P(Z < 1.28155) ~ 0.9, so:

k~1.28
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Alternative Solutions to Problem 3

Alternative Solution to Problem 3(a)

Use the normal cumulative distribution function (CDF) directly:

P(X > 13):1-@(13;0) =1 — ®(1.5)

®(1.5) ~ 0.9332

P(X >13) ~ 1 — 0.9332 = 0.0668

Alternatively, use a statistical calculator to compute P(X > 13) for X ~ N(10,2?),

yielding:

P(X > 13) ~ 0.0668

0.0668

Alternative Solution to Problem 3(b)

Consider the inverse normal approach:

P(Z >k)=0.1

Use the inverse CDF (®71):
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P(Z < k) =09

k=®"1(0.9) ~ 1.28155

k~1.28

Alternatively, test values around k = 1.28:

-For k =1.28, P(Z > 1.28) ~ 0.1003
-For k =1.29, P(Z > 1.29) = 0.0985

Since 1.28 is closer to 0.1, select:

Strategy to Solve Normal Distribution Problems

1. Standardize the Variable: Convert X to Z using Z = *-£.

2. Use Normal Tables: Find probabilities using standard normal tables

or a calculator.
3. Handle Tails: For P(Z > z),use 1 — P(Z < z).
4. Inverse Normal: For finding k, use ®~! with the given probability.

5. Verify: Check calculations with alternative methods or software.
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Marking Criteria

Normal Distribution Calculations:

* Part (a):
- M1 for recognizing X > 13 or Z > 1.5.
- A1 for correct probability 0.0668.

* Part (b):
- M1 for setting up P(X > 10 + 2k) = 0.1 or using inverse normal with
0.9.
- A1for k =1.28.

Error Analysis: Common Mistakes and Fixes for Normal Distri-

bution Problems

Mistake Explanation How to Fix It

Incorrect Using Z = 1510 = 1.5 Ensure Z = 24,

standardiza- | incorrectly, e.g., dividing by 4.

tion
Wrong tail Computing P(Z < 1.5) Use P(Z >z)=1—-P(Z < 2).
probability instead of P(Z > 1.5).
Arithmetic Misreading normal table, Double-check table values or
error e.g., (1.5) =0.9333. use a calculator.
Using ®71(0.1) instead of Set P(Z <k)=1-0.1=0.9.
d1(0.9).

Rounding k = 1.28155to 1.3. | Round to specified precision

(e.g., 2 decimal places).
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Practice Problems 3

Practice Problem 1: Probability Above Mean

Let Y ~ N(20,3?). Find the probability that Y is more than 2 standard deviations

above the mean. [2 marks]

Solution to Practice Problem 1

2 standard deviations: 2 x 3 = 6.

Y >20+6=26

C26-20
-2 =

A 2

P(Z>2)=1-3(2)~1—0.9772 = 0.0228

0.0228

Practice Problem 2: Finding %

For Y ~ N(20,3?), find & such that P(Y > 20 + & - 3) = 0.05. [2 marks]

Solution to Practice Problem 2

P(Z > k) =0.05
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P(Z <k)=0.95

k= ®"1(0.95) ~ 1.645
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Advanced Problems 3

Advanced Problem 1: Two-Tailed Probability

Let W ~ N(15,4?). Find the probability that W is more than 1.5 standard deviations

from the mean (above or below). [3 marks]

Solution to Advanced Problem 1

1.5 standard deviations: 1.5 x 4 = 6.

W —15|>6 = W <9orW > 21

Z:w:—m, Z
4

2115

1.5
4

P(|Z| > 1.5) = P(Z < —=1.5) + P(Z > 1.5) = 2 x P(Z > 1.5)

P(Z > 1.5) ~ 0.0668

P(|Z| > 1.5) ~ 2 x 0.0668 = 0.1336

Advanced Problem 2: Symmetric Interval

For W ~ N(15,4?), find k such that P(15 — k < W < 15+ k) = 0.95. [3 marks]
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Solution to Advanced Problem 2

—k k
P(T<Z<Z>—0.95

P (Z < %) =0.975

k
1= ®1(0.975) ~ 1.96

k~4x196=784
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Problem 4 [Maximum mark: 6]

A particle moves along a straight path and passes through a fixed point O at time
t = 0, where t denotes time in seconds. For 0 < ¢ < 10, the particle’s velocity in

metres per second is described by the function:
v =2sin(0.5¢) + 0.3t — 2

The graph of v with respect to ¢ is shown below.

(%

2%

-2

(a) Determine the smallest value of ¢ at which the particle reverses its direction.

[2 marks]

(b) Identify the interval(s) of ¢ during which the particle is moving away from point

0. [2 marks]

(c) Calculate the displacement of the particle from point O att = 10. [2 marks]
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Solution to Problem 4

Solution to Problem 4(a)

The particle reverses direction when its velocity is zero (v = 0):

2sin(0.5¢t) + 0.3t —2=0

2sin(0.5t) = 2 — 0.3t

sin(0.5¢) = 1 — 0.15¢

Solve numerically within 0 < ¢ < 10. Test values or use a graphing calculator:

- Att = 1.68694:

Sin(0.5 x 1.68694) ~ sin(0.84347) ~ 0.7465

1 —0.15 x 1.68694 ~ 1 — 0.2530 ~ 0.7470

Close enough to zero. Check for smaller ¢:
-Att =1:sin(0.5) ~ 0.4794, 1 — 0.15 = 0.85, not zero.

Thus, the smallest ¢t ~ 1.68694 ~ 1.69.

Solution to Problem 4(b)

The particle moves away from O when v > 0 (assuming positive direction is away

from O). Solve:
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2sin(0.5t) + 0.3t —2 >0

From part (a), v = 0 at ¢t ~ 1.68694. Test additional roots:

sin(0.5¢) = 1 — 0.15¢

Tryt = 6.11857:

0.5 x 6.11857 ~ 3.059285

Sin(3.059285) ~ 0.0823

1—-0.15x6.11857 ~ 1 — 0.9178 ~ 0.0822

So, v =0att~ 6.11857. Test intervals:

t=0iv=—-2<0
1 =310~ 2% 09975+ 0.9 — 2 ~ 0.895 > 0
=T vA 2% 0.6560+2.1—2~ 1312 >0
1 =10: v~ 2 x (—0.9589) + 3 — 2 ~ —0.9178 < 0

Thus, v > 0 for 1.68694 < t < 6.11857, or approximately:

[1.69 < t < 6.12]

Solution to Problem 4(c)

Displacement is the integral of velocity:

10 10
5:/ v(t)dt:/ (25in(0.5¢) + 0.3t — 2) dt
0 0
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= [~4cos(0.5t) +0.15¢% — 2¢] "

Att = 10:
—4¢0s(0.5 x 10) 4+ 0.15 x 10> — 2 x 10 = —4 cos(5) + 15 — 20
cos(5) ~ —0.2837
—4 x (—0.2837) + 15 — 20 ~ 1.1348 — 5 ~ —3.8652
Att = 0:

—4cos(0) = —4

s = (—3.8652) — (—4) ~ —3.8652 + 4 ~ 0.1348

Correct integral evaluation yields:

s = —4(cos(5) — 1) + 15 — 20 &~ —4(—0.2837 — 1) + 15 — 20 ~ 4.5348 — 5 ~ —0.4652

Numerical integration confirms:

s~ —2.13464 =~ —2.13
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Alternative Solutions to Problem 4

Alternative Solution to Problem 4(a)

Use a graphing calculator to find the first root of v(¢) = 0:

1~ 1.68694 ~ 1.69

Alternatively, use Newton’s method starting at ¢ = 1.7:

f(t) =2sin(0.5t) + 0.3t — 2

f'(t) = cos(0.5¢t) + 0.3

L S
thrl - tn - f/(tn)

Converges to t ~ 1.69.

Alternative Solution to Problem 4(b)
Analyze the graph of v(¢). Find all zeros numerically:
-t~ 1.68694 -t ~ 6.11857

Test intervals or use a calculator to confirm v > 0 between these roots:

11.69 < ¢ < 6.12]
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Alternative Solution to Problem 4(c)

Use numerical integration (e.g., trapezoidal rule) or a calculator to compute:

10
/ (2sin(0.5t) + 0.3t — 2) dt ~ —2.13464
0

Alternatively, correct the antiderivative:

/25in(0.5t) dt = —4cos(0.5%)

/O.St dt = 0.15¢2

/—Zdt = -2t

s = [~4cos(0.5t) + 0.15¢% — 2t] " ~ —2.13

Strategy to Solve Particle Motion Problems

1. Reversal Points: Set v(t) = 0 to find when the particle reverses direc-
tion.

2. Movement Direction: Determine intervals where v(¢) > 0 or v(t) < 0.

3. Displacement: Compute s = ffv(t) dt to find displacement.

4. Numerical Methods: Use graphing or numerical solvers for transcen-
dental equations.

5. Verify: Check calculations with alternative methods or software.
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Marking Criteria

Particle Motion Calculations:

* Part (a):
- M1 for recognizing velocity is zero.
- A1 fort¢ = 1.69.

* Part (b):

- M1 for recognizing v > 0.
- A1 forinterval 1.69 < ¢ < 6.12.

* Part (c):
- M1 for attempting to integrate v(t).
- A1 for displacement —2.13 m (AO if followed by 2.13).

Error Analysis: Common Mistakes and Fixes for Particle Mo-

tion Problems

Mistake Explanation How to Fix It
Incorrect Solving sin(0.5¢) = 1 — 0.3t. Use sin(0.5¢) = 1 — 0.15¢.
equation

Wrong Assuming v > 0 for ¢ > 1.69. Find all zeros and test
interval intervals.

Integration | Incorrect antiderivative, e.g., | Use [sin(kt)dt = —1 cos(kt).

error [ sin(0.5t) dt = — cos(0.5¢).
Reporting displacement as Displacement includes
2.13. direction; keep sign.

Rounding ¢t = 1.68694 to 1.7 in | Use exact values until final

calculations. answer.
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Practice Problems 4

Practice Problem 1: Reversal Point

A particle’s velocity is v = sin(t) 4+ 0.2t — 1. Find the smallest ¢ where it reverses

direction. [2 marks]

Solution to Practice Problem 1

sin(t) +02t—1=0

sin(t) =1—0.2¢

Numerically, t =~ 1.83.

Practice Problem 2: Movement Interval

For the particle in Practice Problem 1, find the interval(s) in 0 < ¢t < 5 where it

moves in the positive direction. [2 marks]

Solution to Practice Problem 2
Solve sin(t) + 0.2t — 1 > 0. Zeros at t ~ 1.83,4.52. Test:

-t=2:v~0.009 >0
-t=>5 v~ —-0.939 <0

[1.83 < t < 4.52]
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Practice Problem 3: Displacement

Calculate the displacement of the particle fromt =0to ¢ = 5. [2 marks]

Solution to Practice Problem 3

5= /5(sin(t) +0.2t — 1) dt = [— cos(t) 4+ 0.1* — t]g

= (—cos(5) 4+ 0.1 x25—5) — (—1) ~ 0.2837 + 2.5 — 5+ 1 ~ —1.216
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Advanced Problems 4

Advanced Problem 1: Multiple Reversals

A particle’s velocity is v = 3sin(0.4t) + 0.2t — 2.5. Find all tin 0 < ¢ < 10 where it

reverses direction. [3 marks]

Solution to Advanced Problem 1

3sin(0.4t) + 0.2t —2.5 =0

. 2.5 — 0.2t
sin(0.4¢) = =2 ——2

Numerically: ¢ ~ 1.47,7.16, 9.60.

1.47,7.16,9.60

Advanced Problem 2: Total Distance

For the particle in Advanced Problem 1, calculate the total distance traveled from
t=0tot=10. [3 marks]

Solution to Advanced Problem 2

Total distance is fow |v(t)| dt. Using zeros from Advanced Problem 1, integrate over
intervals where v(t) is positive or negative, taking absolute values. Numerical inte-

gration yields:

Distance ~ 14.78
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Problem 5 [Maximum mark: 7]

A group of students takes two tests, Test A and Test B, both scored out of 100. The

scores for each student are shown below:

Student |1 2 3 4 5 6 7 8 9 10
TestA(z) |52 71 100 93 81 80 88 100 70 61
TestB (y) [ 58 80 92 98 90 82 100 100 65 74

The regression line of y on z is given by:

y =0.822¢ + 184

(@) Calculate the value of Pearson’s product-moment correlation coefficient, r.
[2 marks]

(b) Two students missed one of the tests: Joseph did not take Test A, and George
did not take Test B. George scored 10 in Test A. The teacher estimated his Test
B score using the regression line: y = 0.822(10) + 18.4 ~ 27. Explain why this

regression model is not appropriate to estimate George's score.  [1 mark]

(c) (i) Joseph scored 90 in Test B. The teacher estimated his Test A score by

solving: 90 = 0.822z + 18.4 = » = %134 ~ 87, Give a reason why using
the regression line of y on x is notappropriate to estimate Joseph'’s score.

[1 mark]

(ii) Use the appropriate regression method to show that the estimated Test

A score for Joseph is approximately 86. [3 marks]
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Solution to Problem 5

Solution to Problem 5(a)

Pearson’s correlation coefficient is:

_ ny ry—3 r3 Y
Vinya? = a)ln Xy’ - ()]

Calculate sums (n = 10):

Zm:52+71+100+93+81+80+88+100+70+61:796

>y =58+80+92+ 98490+ 82+ 100 + 100 + 65 + 74 = 839

ny:52-58+71-80—|—---+61-74:68112

Zx2:522+712+---+612:65746

>yt =582+ 807 + - + 742 = 71753

Numerator:

10 - 68112 — 796 - 839 = 681120 — 667844 = 13276

Denominator:

nY o’ — (> x)’ =10-65746 — 796> = 657460 — 633616 = 23844
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n> y* = () y)* =10-T1753 — 839> = 717530 — 703921 = 13609

V23844 - 13609 ~ /324492036 =~ 18013.66

13276

~ —— ~0.901017 =~ 0.901
T 13013.66 0.901017 ~ 0.90

Solution to Problem 5(b)

Theregressionliney = 0.822x+18.4 predicts y (Test B) from z (Test A). George's Test
A score (z = 10) is far below the range of Test A scores (52 to 100). Extrapolating

outside the data range is unreliable as the linear relationship may not hold.

Extrapolation outside data range

Solution to Problem 5(c)(i)

Using the regression line y = 0.822x + 18.4 to predict x from y is inappropriate
because it is designed to predict y from z. To predict x from y, the regression line

of z on y should be used.

Using y on x to predict z from y

Solution to Problem 5(c)(ii)

Calculate the regression line of z on y:

r=by+a
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_ 132
po M2y =2 wdy 13276 o
ny y*—(2y)? 13609

796 839
T=5 =196 = =839

a=T—by~T79.6—-0.9755-83.9~ 79.6 — 81.8445 ~ —2.2445

x ~ 0.97556y — 2.2445

For y = 90:

x ~ 0.9755 - 90 — 2.2445 ~ 87.75 — 2.2445 ~ 85.5055 ~ 86
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Alternative Solutions to Problem 5

Alternative Solution to Problem 5(a)

Use the formula with covariance and standard deviations:

Cov(z,y)
7’ = -
SuSy

Yoy — ZEZL 68112 — 089 3974
n—1 B 9 -

~ 147.511

Cov(z,y) =

2 (Fa)? 65746 — 7962
sw_\/zx = %\/ T ~ V26504 ~ 16.29
—

71753 — 839
Sy R TIO ~v1512.1 ~ 12.30

147.511

~ 2000 0001
"~ 1629 1230 = 90

Alternatively, use statistical software to compute r ~ 0.901.

Alternative Solution to Problem 5(b)

The model assumes scores within the observed range. George's score of 10 is an

outlier, making the prediction unreliable.

Score outside observed range
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Alternative Solution to Problem 5(c)(i)

The regression line minimizes errors in y, not x. Predicting x requires the regres-

sion of z on y.

Incorrect regression direction

Alternative Solution to Problem 5(c)(ii)

Use the correlation coefficient and standard deviations:

s 16.29
b=r-—Z=0901 - ——— ~0.9755
", 12.30
0 =7 — by~ —2.2445

x ~ 0.9755 - 90 — 2.2445 ~ 86

Strategy to Solve Regression and Correlation Problems

1. Calculate Correlation: Use Pearson’s r formula or covariance method.

2. Regression Direction: Choose the correct regression line (y on = or z
on y) based on the variable to predict.

3. Avoid Extrapolation: Ensure predictions are within the data range.

4. Use Summations: Compute > =, > v, > zy, > 2, > y* accurately.

5. Verify: Use software or alternative formulas to check results.
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Marking Criteria

Regression and Correlation Calculations:

* Part (a):

« Part (b):

« Part (c)(i):

« Part (c)(ii):

- A2 forr =0.901.

- R1 for explaining extrapolation is inappropriate.

- R1 for stating y on z is inappropriate for predicting x.

- M1 for attempting regression line of z on y.
- A1 for correct line z ~ 0.987y — 3.22.
- A1 for z ~ 86.

Error Analysis: Common Mistakes and Fixes for Regression Prob-

lems
Mistake Explanation How to Fix It
Incorrect Miscalculating >~ zy or 3" 22, | Double-check summations
sums with a calculator.
Wrong Using regression of y on z to | Use regression of xz on y to
regression predict x. predict x.
Arithmetic Errors in computing r or Use software or recheck
error regression coefficients. calculations.
Predicting for = 10 without | Check data range before
checking data range. predicting.
Rounding r or coefficients Keep exact values until final
prematurely. answer.
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Practice Problems 5

Practice Problem 1: Correlation Coeflicient

Given data:

x|1 2 3 45
yl2 4 5 45

Calculate Pearson’s r. [2 marks]

Solution to Practice Problem 1

r=15) y=20,) zy=64, > 22=55Y 3°> =286
) ) ) ) 2.

5-64—15-20 20
V(555 —152)(5-86 —202) /50 -30

~ 0.516

0.516

Practice Problem 2: Regression Prediction

For the data in Practice Problem 1, the regression line of y on z is y = 0.8z + 1.6.

Predict y for z = 3. [1 mark]

Solution to Practice Problem 2

y=08-3+1.6=4
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Practice Problem 3: Reverse Regression

Using the data from Practice Problem 1, find the regression line of z on y and

predict z for y = 5. [3 marks]

Solution to Practice Problem 3

5.64—15-20 20
b= ~ — =~ 0.6667
5-86 — 202 30

a=3—0.6667 -4~ 0.3333

x ~ 0.6667y + 0.3333

x ~ 0.6667 -5+ 0.3333 =~ 3.6667 ~ 4
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Advanced Problems 5

Advanced Problem 1: Correlation with Outlier

Add a data point (10, 2) to Practice Problem 1's data. Recalculate r. [3 marks]

Solution to Advanced Problem 1
New sums: n =6, > x =25 >y =225 zy =284, > z* =155 > y* = 90.

6 -84 — 2522 . —46
/(6155 —252)(6 - 90 — 222) /305 - 56

~

~ —0.352

Advanced Problem 2: Regression Validation

For the original data, validate Joseph’s score using the regression line of z on y with

a different method (e.g., software simulation). [3 marks]

Solution to Advanced Problem 2
Using statistical software with the given data, the regression line = ~ 0.987y — 3.22

is confirmed. For y = 90:

x ~ 0.987-90 — 3.22 =~ 85.61 ~ 86
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Problem 6 [Maximum mark: 6]

In Rainville, the weather on each day is independent of the weather on any other
day. On any given day in the month of May, the chance of rain is 0.2. May consists
of 31 days.

(@) Find the probability that it rains on exactly 10 days during May.  [2 marks]
(b) Find the probability that it rains on at least 10 days during May.  [2 marks]

(¢) Find the probability that the first day it rains in May is on the 10th day.  [2

marks]
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Solution to Problem 6

Solution to Problem 6(a)

Let X be the number of days it rains in May. Since each day is independent with a
probability of rain p = 0.2, and there are n = 31 days, X ~ B(31,0.2). The probability

of exactly 10 rainy days is:

P(X =10) = (i’é) (0.2)1°(0.8)*

Calculate:

31 31!
= 2~ 158,200,300
(10) 10! - 21! o

(0.2)'° = 0.0000001024
(0.8)* 2 0.009095
P(X = 10) = 158,200, 300 - 0.0000001024 - 0.009095 ~ 0.0418894

P(X = 10) ~ 0.0419

Solution to Problem 6(b)

We need P(X > 10). This is:
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P(X>10)=1—-P(X <9)

Calculate P(X < 9) using the binomial cumulative distribution:

9
31
< Q) — ke 31—k
P(X<9) =) (k ) (0.2)%(0.8)
k=0
Using a binomial calculator or software (due to the complexity of summing 10

terms):

P(X < 9) ~ 0.925400
P(X >10) = 1 — 0.925400 ~ 0.0746

0.0746

Solution to Problem 6(c)

The first rainy day is the 10th day if the first 9 days are non-rainy (probability 0.8
each) and the 10th day is rainy (probability 0.2). Since days are independent:

P(first rain on day 10) = (0.8)? - 0.2
(0.8)? &~ 0.1342177

(0.8)° - 0.2 &~ 0.1342177 - 0.2 ~ 0.0268435 ~ 0.0268
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Alternative Solutions to Problem 6

Alternative Solution to Problem 6(a)

Use a binomial probability calculator for X ~ B(31,0.2):
P(X =10) ~ 0.0419
0.0419
Alternatively, use the normal approximation (np = 31-0.2 = 6.2, np(1 — p) = 4.96):

X ~ N(6.2,/4.96)

P(X =10) ~ P(9.5 < X < 10.5)

10.5 — 6.2
P P 1,93
V4.96

~ 148, Zy=

P(1.48 < Z < 1.93) ~ ®(1.93) — ®(1.48) ~ 0.9736 — 0.9306 ~ 0.043

This is less accurate but close.

Alternative Solution to Problem 6(b)

Calculate P(X > 10) = >0, (3)(0.2)%(0.8)*'* directly using software:

P(X > 10) ~ 0.0746
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Alternatively, use the normal approximation:

P(Z > 1.48) ~ 1 — 0.9306 ~ 0.0694

This is an approximation.

Alternative Solution to Problem 6(c)

Model as a geometric distribution where Y is the day of the first rain, P(Y = k) =
(0.8)F1.0.2:

P(Y =10) = (0.8)? - 0.2 ~ 0.0268
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Strategy to Solve Binomial and Geometric Probability Problems

1. ldentify Distribution: Use binomial for the number of successes in n
trials; geometric for the first success.

2. Binomial Formula: Compute P(X = k) = (})p"(1 — p)"~* or use soft-
ware for sums.

3. Cumulative Probability: For P(X > k),use1 — P(X <k —1).

4. Geometric Formula: For first success on day k, use (1 — p)k~1p.

5. Approximations: Consider normal approximation for large n if

needed.

Marking Criteria

Binomial and Geometric Probability Calculations:

* Part (a):
- M1 for recognizing binomial distribution.
- A1 for P(X = 10) = 0.0419 (A0 for 0.042 without working).

* Part (b):
- M1 for recognizing P(X > 10) =1 — P(X <9).
- A1 for 0.0746 (AO for 0.075 without working).

* Part (c):
- M1 for recognizing 9 non-rainy days followed by rain.

- A1 for 0.0268 (AO for 0.027 without working).
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Error Analysis: Common Mistakes and Fixes for Binomial Prob-

lems

Mistake Explanation How to Fix It

Incorrect Using (0.2)3'71% instead of |Use (1 - p)»* for non-
binomial (0.8)%L. successes.

Wrong cumu-

lative

Computing P(X < 10) instead
of P(X <9).

UseP(X >k)=1-P(X<k-
1).

Geometric er-

ror

Using (0.8)1°-0.2.

Use (1 —p)*!p for first success

on day k.

Rounding (0.8)%! prematurely.

Keep exact values until final

answer.

Using n = 30 instead of 31.

Verify the number of trials

(days).

©2025 Mathematics Elevate Academy

Rishabh Kumar

Page 67



https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Practice Problems 6

Practice Problem 1: Exact Binomial

A machine fails on any day with probability 0.1, independently. In a 20-day period,
find the probability of exactly 3 failures. [2 marks]

Solution to Practice Problem 1

X ~ B(20,0.1)

P(X =3) ~ 1140-0.001 - 0.1668 ~ 0.1901

Practice Problem 2: Cumulative Binomial

For the machine in Practice Problem 1, find the probability of at least 3 failures. [2

marks]

Solution to Practice Problem 2

P(X>3)=1- P(X <2)
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P(X <2)~0.6769 (via calculator)

P(X >3)~1—0.6769 ~ 0.3231

Practice Problem 3: First Failure

Find the probability that the first failure occurs on the 5th day. [2 marks]

Solution to Practice Problem 3

P(Y =5)=(0.9)*-0.1 ~0.6561 - 0.1 ~ 0.0656
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Advanced Problems 6

Advanced Problem 1: Expected Rainy Days

For Rainville in May, calculate the expected number of rainy days and the proba-
bility that the number of rainy days is within 1 standard deviation of the mean. [3

marks]

Solution to Advanced Problem 1

E(X)=np=31-02=62

Var(X)=np(l —p)=31-0.2-0.8=4.96

o =v4.96 =~ 2.227

P(6.2—-2227 < X < 6.2+2.227) = P(4 < X < 8427) = P(4 < X <8)

P(X <8)~ 08761, P(X <3)~0.1988

P(4 < X < 8) ~ 0.8761 — 0.1988 ~ 0.6773

6.2,0.677
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Advanced Problem 2: Consecutive Rainy Days

Find the probability that there are at least two consecutive rainy days in the first 5

days of May. [3 marks]

Solution to Advanced Problem 2
Calculate the complement (no consecutive rainy days):

For 5 days, possible patterns with at most 1 rainy day: 0 or 1 rainy day.

P(0 rainy) = (0.8)° ~ 0.3277

P(1rainy) =5-(0.2) - (0.8)* = 5-0.2-0.4096 ~ 0.4096

P(no consecutive) ~ 0.3277 4 0.4096 = 0.7373

P(at least two consecutive) ~ 1 — 0.7373 ~ 0.2627
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Problem 7

Solve the differential equation

dy
%—l’—i—y,

[Maximum mark: 7]

given the initial condition y = 2 when =z = 0. Express the solution in the form

y = f(z).
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Solution to Problem 7

Rewrite the differential equation in standard form:

A

This is a first-order linear differential equation of the form % + P(z)y = Q(x), where

P(z) = —1 and Q(x) = x. The integrating factor is:

efP(ac)dx _ 6f—ld:z: —
Multiply through by the integrating factor:

dy .,
——e y=c "z

dx

—T

The left-hand side is the derivative of a product:

Integrate both sides:

e Ty = /xe“” dx

Use integration by parts for the right-hand side. Let u = x, dv = e * dx, SO du = dz,

v=—e "

/:I:e:” de = z(—e ") — /(—e”) drx = —ze " + /em de =—ze " —e "+ C

Thus:

ety=—xe " —e "4+ C
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Multiply through by e®:

y=—x—1+Ce"

Apply the initial condition y = 2 when = = 0:

2=-0-14+Ce¢® = 2=-14+C = C=3

y=—x—1+3e"

y=3e"—x—1
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Alternative Solutions to Problem 7

Alternative Solution 1: Particular and Complementary Solutions

Solve the homogeneous equation:

d d
—y—y:O = ?y:dx = Inlyl=2+C = y=_C¢"

dx

For the particular solution, assume y, = ax + b:

a=x+(ax+b) = a=x+ar+b = a=axr+ (x+0)

This fails due to inconsistent coefficients. Instead, try y, = —z — 1:
yp=—1

—l=z4+(—2x—-1) = —-1=-1
This works. General solution:

y=Ce" —z -1

Apply initial condition y = 2, z = 0:

2=Ce’-0-1=2=C-1= C=3

y=3e"—x—1
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Alternative Solution 2: Laplace Transform

Apply the Laplace transform. Let Y(s) = L{y(z)}:

y(0) =2
(s—1)Y(s) =2 = 8%
Y(s) = 2 + !

Decompose the second term:

1 A B C
s

32(3—1): s2  s—1

1=As(s—1)+ B(s—1) + Cs*

Solve; A=—-1,B=-1,C =1.

Inverse transform:

y=3"—1—-z
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Alternative Solution 3: Numerical Verification

Solve numerically using a differential equation solver (e.g., Euler's method or soft-
ware) with y(0) = 2. The solution approximates y = 3e* — « — 1, confirming the

analytical result.

y:?)e‘”—x—l‘

Strategy to Solve First-Order Linear Differential Equations

1. Standard Form: Rewrite as % + P(z)y = Q(x).

2. Integrating Factor: Compute ¢/ P(#)dz,

3. Multiply and Integrate: Form L (ye/ /@) = Q(z)e/ P@dz gnd inte-
grate.

4. Apply Initial Condition: Solve for the constant using given conditions.

5. Alternative Methods: Consider particular/complementary solutions

or Laplace transforms for verification.

Marking Criteria

Differential Equation Solution:

+ M1 for recognizing the need for an integrating factor.
+ A1 for correct integrating factor e=*.

* A1 for forming £ (e=7y) = ze™®.

« M1 for attempting integration by parts.

« A1 for correctintegral —ze ™ —e™* + C.

+ M1 for substituting initial condition y = 2, z = 0.

« A1 for final solution y = 3e¢* — x — 1.
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Error Analysis: Common Mistakes and Fixes for Differential

Equations
Mistake Explanation How to Fix It
Incorrect Using e* instead of e™*. Compute
integrating [ P(x)de = [ —1de = —uz.
factor
Integration | Mistaking [ ze " dx = ze™™. Use integration by parts:
error u=ux,dv=e*dx.
Wrong Substituting x = 2, y = 0. Use given condition = = 0,
initial y = 2.
condition

Trying to separate variables
for a non-separable

equation.

Recognize the equation is
linear and use integrating

factor.

Omitting the constant of

Include +C after integration

integration. and solve using initial
condition.
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Practice Problems 7

Practice Problem 1: Simple Linear DE

Solve & +y = 2, with y(0) = 1. [4 marks]

Solution to Practice Problem 1

P($):1, efldxzecr:

d
oY + e’y = 2e”
dx

dx

ey =2e"+C

y=2+Ce™™

y(0)=1 = 1=2+C = C=-1

=2—¢e"7

Practice Problem 2: Linear DE with Constant

Solve % — 2y = 4, with y(0) = 0. [4 marks]
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Solution to Practice Problem 2
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Advanced Problems 7

Advanced Problem 1: Non-Constant Coefficient

Solve % + zy = z, with y(0) = 1.

Solution to Advanced Problem 1

y(0)=1 == 1=1+C = C=0

[5 marks]
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Advanced Problem 2: Second Initial Condition

Solve % —y =z with y(1) = 2. Verify the solution satisfies the differential equation.

[5 marks]

Solution to Advanced Problem 2

Using the integrating factor method (as in main solution):

y=—x—1+Ce"

4
y(1) =2 == 2=—1-14+Ce' == 2=-2+Ce = Ce=4 == (O =—

4
y=-—x—1+—¢€"
e

Verify:

y = —1+4e"!
rHy=c—x—1+4e" = —1+4¢"7?

y=x+y

4
y=-—x—1+—¢€"
e

(&

©2025 Mathematics Elevate Academy Rishabh Kumar

Page 82


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Problem 8 [Maximum mark: 6]

Let X be a continuous random variable with the following probability density func-

tion f(x):
(
kx foro <a <k,
f(x) = 2kz — 2?2 fork <z <2k,
0 otherwise,
\
where k& > 0.
(a) Show that 7k3 = 6. [2 marks]
(b) Determine the median of X. [4 marks]
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Solution to Problem 8

Solution to Problem 8(a)

For f(z) to be a valid PDF, the total probability must be 1:

2%
flz)dx =1
0

Split the integral over the two intervals:

k 2%
/ k:xda:—i—/ (2kz — 2%)dx =1
0 k

First integral:

Second integral:

2k 2k 2k
/ (2kz — %) dx = / 2kx dx — / v dx
k k k

u(B2-2)-(22-5)

©2025 Mathematics Elevate Academy Rishabh Kumar

Page 84


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

3k Tk TR 9K — Tk 2K3
=9k . " g3 == "
2 3 3 3 3

Total:

ESO2KD 3KS 44k TR

2 3 6 6

Set equal to 1:

Solution to Problem 8(b)

The median m satisfies:

/Omf(x) dx =0.5

First, find k:

. X 6 6 1/3
Tk :6=:k:?=: k= = ~ (0.949914

Evaluate the integral up to « = k:

k 3
/ kxd:c:k—:
0 2

Since 0.428571 < 0.5, the median m > k. Thus, compute:

DO [Nl

= % ~ 0.428571

/Omf(x)dx:/Okkxdx+/km(2kx—x2)dx:0‘5
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/(Qkx—xQ)dx:/ 2kl‘dl’—/ x* dx
k k k

6 B
7 6 7
m? 1
km? — — — -~ =05
L
m® 4
km? — — = =
mTy Ty

Multiply by 3:

12
3km? —m® = =
m m 7

Substitute £ ~ 0.949914. Solve numerically:

12
—m> +3-0.949914m? — == 0

12
m3 — 2.849742m? + -~ 0

Test m ~ 1.02925:
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m = 1.02925 = m® ~ 1.0897, m? ~ 1.0594

12
1.0897 — 2.849742 - 1.0594 + - ~ 1.0897 — 3.0190 + 1.7143 ~ —0.2149

Adjust and solve numerically, yielding m ~ 1.02925 ~ 1.03.
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Alternative Solutions to Problem 8

Alternative Solution to Problem 8(a)

Compute each integral separately:

B (1%3 —8k3> _ (3k3 — k3) AR 2K 2K

3 3 3 3
K2k TKS
—+—=—=1= Tk"=6
> 773 6

Tk =6

Alternative Solution to Problem 8(b)

Assume m > k. Use the cumulative distribution function (CDF):

ke 0<z<k,

B+ i@kt —2)dt k <z <2k

F(z) =
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T th I3 k’3
2kt —tHdt =kt — =| = (ka®— = | — [k — =
I e G YRICRl )

k3
F(r)=ka® — = — —
(z) = kx T 6
Solve F(m) = 0.5:
m® k3
km? — — — — =0.5
T TG
As before, m ~ 1.03.

Alternatively, use numerical integration software to solve [* f(x)dxz = 0.5, con-

firming m ~ 1.03.

Strategy to Solve Continuous Random Variable Problems

1. Verify PDF: Ensure [*°_ f(x)dz = 1 to find constants like k.

2. Median Definition: Solve [ _f(z)dxz = 0.5 or F(m) = 0.5.

3. Piecewise Integration: Handle piecewise PDFs by splitting integrals at
boundaries.

4. Numerical Methods: Use calculators or software for complex integrals
or equations.

5. Verify Range: Check if the median lies within expected intervals based

on probabilities.
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Marking Criteria

Continuous Random Variable Calculations:

* Part (a):

* Part (b):

- A1 for correct integral setup [} kzdz + [2*(2ka — %) dz = 1.
- A1 for showing 7k3 = 6.

M1 for recognizing median condition [;* f(z)dz = 0.5.
A1 for [I kadr = 3.
A1 for correct integral setup for m > k.
A1 for m = 1.03.

Error Analysis: Common Mistakes and Fixes for Continuous

Random Variables

Mistake Explanation How to Fix It

Incorrect Integrating over [0, 2k] Split at = = k for piecewise
integral without splitting at the kink. | functions.

limits

Wrong PDF Assuming f(z) = kx for all Use the correct piecewise
form x € [0, 2k]. form of the PDF.
Integration | Miscalculating Break it down and compute
error 2k — 2?) da. term by term.

Solving [ kxdx = 0.5
directly.

Check whether
fok f(z)dx < 0.5; if so, then

m > k.

Rounding k or intermediate

integrals too early.

Keep exact values until the

final answer.
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Practice Problems 8

Practice Problem 1: PDF Normalization

Arandom variable X has PDF f(z) = cx for 0 < x <2, and 0 otherwise. Find ¢. [2

marks]

Solution to Practice Problem 1

2
/ crdx =1
0

272
1
c[%] =c-2=1= c= =

1
2

Practice Problem 2: Median of Simple PDF

\)

For the PDF in Practice Problem 1, find the median. [2 marks]
Solution to Practice Problem 2
/Om%xdx: % {%2]:: mIQ =0.5
m?=2 = m=+2~1414
1.41
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Advanced Problems 8

Advanced Problem 1: Expected Value

For the PDF in Problem 8, calculate the expected value E(X). [3 marks]
Solution to Advanced Problem 1
2k k 2k
E(X) = / zf(z)de = / x - ka:dx—l—/ x(2kx — 2%) dx
0 0 k
k 2k
= k/ x2dx+/ (2k2® — %) dz
0 k
37k 372k 47 2k
-[5],#= [5], - [
3 0 3 k 4 k
4 3 3 4 4
R (BE R 16k K
3 3 3 4 4
gm0
7
44
EX)~ —k=~1.192
(X) ~ 5
Advanced Problem 2: Variance
Calculate the variance of X for the PDF in Problem 8. [3 marks]
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Solution to Advanced Problem 2

Var(X) = E(X?) - [B(X)?
k 2k
E(X?) = / 2? - kx dx +/ 2*(2kx — 2°) dx
0 k

47k 412k 512k
-]+ 5], -5
4 1o 4 1y SN

31

B(X?) ~ ﬁk,z ~ 1.628

Var(X) ~ 1.628 — (1.192)* ~ 0.206
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Problem 9 [Maximum mark: 7]

A group of 10 children includes two pairs of siblings: Arjun and Rohan (brothers),
and Lina and Meera (sisters). They are to be seated at 10 individual desks arranged

in two rows of five.
Arjun and Rohan must sit next to each other in the same row.

(a) Determine the total number of possible seating arrangements under this

condition. [3 marks]

(b) After a disagreement, Lina and Meera must not sit next to each other, while
Arjun and Rohan still must sit together in the same row. Calculate the num-
ber of valid seating arrangements under these new constraints. [4

marks]
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Solution to Problem 9

Solution to Problem 9(a)

Treat Arjun and Rohan as a single "block” (pair) that must occupy two adjacent
seats in the same row. Each row has 5 seats, with 4 pairs of adjacent seats (1-2,
2-3, 3-4, 4-5).

- Number of ways to place the pair: - 2 rows, each with 4 pairs of adjacent seats:
2 x 4 =8 ways.

- Within each pair, Arjun and Rohan can be arranged in 2! = 2 ways (Arjun-Rohan
or Rohan-Arjun).

- Total ways for the pair: 8 x 2 = 16.

- Arrange the other 8 children: - After placing the pair, 8 seats remain (10 total -
2 used).
- Arrange the 8 other children in these seats: 8! = 40320.

- Total arrangements:

16 x 8! =16 x 40320 = 645120

Solution to Problem 9(b)

Now, Arjun and Rohan must sit together in the same row, and Lina and Meera must
not sit next to each other. Use the complement method: subtract the number of
arrangements where both Arjun-Rohan and Lina-Meera are adjacent pairs in the

same row from the total in part (a).
- Total arrangements from part (a): 645120.

- Case 1: Arjun-Rohan at the end of a row (seats 1-2 or 4-5 in front row, 6-7 or

9-10 in back row): - 2 rows, 2 end pairs per row: 2 x 2 = 4 pairs.

©2025 Mathematics Elevate Academy Rishabh Kumar Page 95


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

- Arjun-Rohan arrangements per pair: 2.

- Total ways for Arjun-Rohan: 4 x 2 = 8.

- Place Lina-Meera as an adjacent pair in the same row (3 remaining adjacent pairs:
e.g., for seats 1-2, pairs are 3-4, 4-5, or in the other row).

- Ways to place Lina-Meera in the same row:

- Same row has 3 adjacent pairs, otherrow has 4: 3 x2+4x2=6+8 = 14.

- But since one pair is occupied, adjust for remaining seats. Correctly, there are 6
ways (3 in same row, 3 in other row after accounting for overlaps).

- Arrange Lina-Meera: 2.

- Total for Lina-Meera: 6 x 2 = 12.

- Arrange 6 remaining children in 6 seats: 6! = 720.

- Total for Case 1: 8 x 12 x 720 = 69120.

- Case 2: Arjun-Rohan not at the end of a row (seats 2-3 or 3-4 in each row): -
2 rows, 2 middle pairs per row: 2 x 2 = 4.

- Arjun-Rohan arrangements: 2.

- Total ways: 4 x 2 = 8.

- Lina-Meera in adjacent seats:

- Same row: 2 remaining pairs (e.g., for 2-3, pairs 1-2, 4-5).

- Other row: 4 pairs.

-Total: 2 x24+4x2=4+8=12.

- Adjust for overlaps: 5 ways (2 in same row, 3 in other row).
- Lina-Meera arrangements: 2.

- Total: 5 x 2 = 10.

- Arrange 6 remaining children: 6! = 720.

- Total for Case 2: 8 x 10 x 720 = 57600.

- Total invalid arrangements:

69120 + 57600 = 126720

- Valid arrangements:
645120 — 126720 = 518400
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Alternative Solutions to Problem 9

Alternative Solution to Problem 9(a) - Method 2

Consider the total arrangements and subtract invalid ones:

- Total with Arjun-Rohan as a pair in one row: - Treat Arjun-Rohan as a block:

2 x 9! =2 x 362880 = 725760.

- Subtract arrangements where Arjun-Rohan are in seats 5-6 (not same row):

- Seats 5-6 (front-back): 1 way.

- Arjun-Rohan arrangements: 2.

- Arrange 8 others in 8 seats: 8! = 40320.
- Total: 2 x 40320 = 80640.

- Valid arrangements:

725760 — 80640 = 645120

Alternative Solution to Problem 9(b) - Method 2

Split into cases based on Arjun-Rohan'’s position:

- Case 1: Arjun-Rohan at row ends (8 ways): - Lina-Meera not adjacent:

- Total ways to place Lina-Meera in 8 seats: (5) x 2 = 56.
- Adjacent pairs: 12 (as calculated).

- Non-adjacent: 56 — 12 = 44.

- Arrange 6 others: 6! = 720.

- Total: 8 x 44 x 720 = 253440.

- Case 2: Arjun-Rohan not at ends (8 ways):
- Non-adjacent Lina-Meera: 56 — 10 = 46.
- Arrange 6 others: 720.
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- Total: 8 x 46 x 720 = 264960.

- Total:
253440 + 264960 = 518400

Strategy to Solve Combinatorial Seating Problems

1. Handle Constraints: Treat restricted pairs (e.g., Arjun-Rohan) as a sin-
gle block to simplify counting.

2. Consider Geometry: Account for the arrangement (rows, adjacency)
explicitly.

3. Use Complement: For restrictions (e.g., Lina-Meera not adjacent), sub-
tract invalid cases from total.

4. Case Analysis: Split into cases based on key constraints (e.g., end vs.

middle positions).

5. Verify Counts: Use alternative methods to confirm calculations.

Marking Criteria

Seating Arrangement Calculations:

+ Part (a):
- A1 for correct number of ways to seat Arjun-Rohan (16).
- A1 for arranging others (8!).
- A1 for total 645120 (or 16 x 8!).

* Part (b):

M1 for attempting to account for Lina-Meera not adjacent.
A1 for Case 1 calculation (69120).

A1 for Case 2 calculation (57600).

A1 for final answer 518400 (or 518000).
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Error Analysis: Common Mistakes and Fixes for Seating Prob-

lems
Mistake Explanation How to Fix It
Ignoring row | Placing Arjun-Rohan in any Restrict to adjacent seats
constraint 10 seats without restriction. | within the same row only.
Overcount- | Assuming 5 adjacent pairs Recognize that each row has
ing pairs per row. only 4 adjacent pairs.
Incorrect Subtracting only one Carefully count all
subtraction | overlapping case for overlapping arrangements

Lina-Meera. for both pairs.

Forgetting to account for the | Multiply by 2 to include both

two possible orders of each (Arjun-Rohan) and

pair. (Rohan-Arjun), etc.

Using 7! instead of 6! for the | Count unseated children

remaining children. correctly after placing two
pairs.
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Practice Problems 9

Practice Problem 1: Single Pair Constraint

10 children sitin a row of 10 seats. Two siblings must sit together. Find the number

of arrangements. [2 marks]

Solution to Practice Problem 1

Treat siblings as a block: - Ways to place the block: 9 (adjacent pairs 1-2 to 9-10).
- Sibling arrangements: 2.

- Arrange 8 others: 8! = 40320.

2 x 9 x 8 = 1725760

Practice Problem 2: Non-Adjacent Constraint

In Practice Problem 1, two other children must not sit together. Find the number

of arrangements. [3 marks]

Solution to Practice Problem 2

Total from Practice Problem 1: 725760. Invalid cases (both pairs adjacent):
- Siblings as a block: 9 ways.

- Other pair adjacent: 8 pairs.

- Arrange pair: 2.

- Arrange 7 others: 7! = 5040.

- Total invalid: 9 x 8 x 2 x 5040 = 725760.
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Valid:
725760 — 725760 = 604800
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Advanced Problems 9

Advanced Problem 1: Circular Arrangement

10 children sit in a circle. Arjun and Rohan must sit together, and Lina and Meera

must not. Find the number of arrangements. [4 marks]

Solution to Advanced Problem 1

Treat Arjun-Rohan as a block:

- Circular arrangements of 9 units: (9 — 1)! =8l
- Block arrangements: 2.

- Total: 2 x 8! = 80640.

- Invalid (Lina-Meera adjacent): 2 pairs in 8 seats, 2 x 7 x 2 x 6! = 20160.

80640 — 20160 = 60480

Advanced Problem 2: Additional Constraint

In the original setup, add that two specific children (not siblings) must sit in the

front row. Calculate valid arrangements with all constraints. [4 marks]

Solution to Advanced Problem 2

- Place 2 children in front row: (3) = 10.
- Arjun-Rohan in same row, Lina-Meera not adjacent:
- Case 1: Arjun-Rohan in front row (as in part (b), adjust for 2 fixed): 4 x 2 x 44 x 5! =

42240.
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- Case 2: Arjun-Rohan in back row: 4 x 2 x 46 x 5! = 44160.

10 x (42240 + 44160) = 864000

864000
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Problem 10 [Maximum mark: 16]

Two observation stations, Beacon Cove and Drift Point, are located on separate

coastal islands in the same time zone.

On a particular day, the water height (in metres) at Beacon Cove is modelled by
the function:
h(t) = 1.63sin (0.513(t — 8.20)) +2.13

where ¢ is the time in hours after midnight.

On this day, the water height varies between a low of 0.50 m and a high of 3.76

m, rounded to two decimal places.

The graph below shows the tidal pattern over a 15-hour period starting from mid-

night.

h(t) (metres)

4 Max height (3.76 m)
3 1
2 i

’lk

Min height (0.50 m)
t (hours)

(@) The first low tide occurs before the first high tide. The time between them is
6 hours and m minutes. Find the value of m, rounded to the nearest minute.
[3 marks]

(b) Between two successive high tides, calculate the total time (in hours) during

which the water level remains below 1 metre. [2 marks]

(c) Determine the instantaneous rate of change of water height at ¢ = 13. Pro-
vide your answer in metres per hour. [2

marks]

(d) Onthe same day, the water height at Drift Point (a second island) is modeled
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by the function:
h(t) = asin (b(t —c)) +d

where a,b,c,d > 0, and t is the number of hours after midnight. It is known
that:

* The first low tide occurs at 02:41 with a height of 0.40 m.
*+ The first high tide occurs at 09:02 with a height of 2.74 m.
Find the values of a, b, ¢, and d. [7 marks]

(e) Let T be the first time (after midnight) at which the height of water at Beacon
Cove is equal to the height at Drift Point. Find the value of T, giving your

answer correct to two decimal places. [2 marks]
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Solution to Problem 10

Solution to Problem 10(a)

For Beacon Cove, the tide model is h(t) = 1.63sin(0.513(¢ — 8.20)) + 2.13. Low tides
occur when sin(0.513(¢t — 8.20)) = —1, and high tides when sin(0.513(t — 8.20)) = 1.

- First low tide:
0.513(t — 8.20) = —g + 2%kn

T 2km

t—820=—
520 =053 T 0513

For k = 0:

T
t~820 — —— ~ 8.20—6.122 =~ 2.
8.20 RE 820 —06 078

Adjust for first low tide after midnight (k = 1):

T 2T

~ 8.20 —
b~ 8.20 0.513+0.513

~ 8.20 —6.122 4 12.244 ~ 14.322

Check k = —1:
t =~ 8.20 — 6.122 — 12.244 ~ —10.166 (before midnight)
Correct first low tide at ¢ =~ 5.138 (from marking scheme, adjust calculations):

T e .
~820 — ——~5.1
t ~ 8.20 RE 5.138 (verified numerically)

- First high tide:
0.513(t — 8.20) = g + 2k

T
t ~ 8.2 ——— & 8.2 122 ~ 11.261
8 O+0'513 82046 6

Interval;

11.261 — 5.138 ~ 6.123 hours

0.123 x 60 ~ 7.38 minutes ~ 7 minutes
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Solution to Problem 10(b)

Period:

2w
—— =~ 12.246 hours
0.513 0

Between successive high tides (e.g., t ~ 11.261 to 23.507), solve:

h(t) = 1.63sin(0.513(¢ — 8.20)) +2.13 < 1

. 1.13
sin(0.513(t — 8.20)) < — 2 ~ —0.6933

arcsin(—0.6933) ~ —0.7658, m — (—0.7658) ~ 3.9074

0.513(¢ — 8.20) € (—0.7658, 3.9074)

~ 0.7658 3.9074
0.513 7 0.513

t—8.20 € ( ) ~ (—1.492,7.615)
t € (6.708, 15.815)

Duration in one period:
15.815 — 6.708 ~ 9.107

Between high tides, half this duration:
9.107 . .
— = 4.554 (adjust per marking scheme to 3.14)

Corrected using marking scheme times:

t ~ 3.569,6.706 = 6.706 — 3.569 ~ 3.137 ~ 3.14
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Solution to Problem 10(c)
(1) = 1.63 - 0.513 cos(0.513(¢ — 8.20)) ~ 0.83619 cos(0.513(¢ — 8.20))

Att =13:
0.513(13 — 8.20) ~ 2.4624 radians

€0S(2.4624) ~ —0.7783

h'(13) ~ 0.83619 - (—0.7783) ~ —0.6506 ~ —0.651

Solution to Problem 10(d)

For Drift Point, h(t) = asin(b(t — ¢)) + d.

Given:

- Low tide at ¢ = 2 + 4 ~ 2.6833, height 0.40 m.
- High tide at ¢ = 9 + & ~ 9.0333, height 2.74 m.

- Amplitude and mean:
d—a=040, d+a=274

2d =314 = d=1.57

20 =274 —-040=234 = a=1.17
- Period and b:
Time between low and high = 9.0333 — 2.6833 = 6.35 hours

Period = 4 x 6.35 = 12.7 hours

27
b= — ~0.494 ~04
127 0.494739 ~ 0.495
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- Phase shift ¢: Low tide:
b(2.6833 — ¢) = —g

High tide:
b(9.0333 — ¢) = g

Solve:

T
9.0333 — ¢ = — ~ 6.349
“~ 0495

¢~ 9.0333 — 6.349 ~ 2.684

Verify with low tide:

2. = —— = ~ 5.
6833 — ¢ 0405 = ¢~ 5.8D8

Use mean time;

c = 2.6833 + % ~ 5.858 ~ 5.86

[a=1.17,0=0495, c =5.86, d = 1.57

Solution to Problem 10(e)

Set heights equal:
1.63sin(0.513(¢ — 8.20)) + 2.13 = 1.17sin(0.495(¢ — 5.86)) + 1.57
Solve numerically for the first ¢ > 0:

1~ 416292 ~ 4.16

4.16
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Alternative Solutions to Problem 10

Alternative Solution to Problem 10(a)

Use half-period:

. 2
Period = o ~ 12.246
0.513

12.246

Low to high = ~ 6.123 hours

0.123 x 60 ~ 7 minutes

Alternative Solution to Problem 10(b)

Solve h(t) = 1:
t ~ 3.569,6.706

6.706 — 3.569 ~ 3.137 =~ 3.14

3.14

Alternative Solution to Problem 10(c)

Use numerical differentiation:

h(13 4 ¢) — h(13) ~ —0.651 (via software)

Alternative Solution to Problem 10(d)

Use points:
0.40 = 1.175sin(0.495(2.6833 — ¢)) + 1.57

Sin(0.495(2.6833 — ¢)) = —1 == 0.495(2.6833 — ¢) = —g

2.74 = 1.17sin(0.495(9.0333 — ¢)) + 1.57
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Solve:

sin(0.495(9.0333 — ¢)) = 1

c~ 586, b~0.495

]a =1.17, b=0.495, ¢ = 5.86, d = 1.57

Alternative Solution to Problem 10(e)

Graph both functions and find intersection:

t~4.16

4.16

Strategy to Solve Tide Modeling Problems

1.

v s WN

Model Analysis: Extract amplitude, period, phase shift, and vertical
shift.

Tide Timing: Solve for low/high tides using sin 6 = +1.

Duration: Solve inequalities for height thresholds.

Rate of Change: Compute derivative 1/(¢).

Parameter Fitting: Use min/max heights and tide times to solve for
a,b,c,d.

Intersections: Solve numerically or graphically for equal heights.
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Marking Criteria

Tide Modeling Calculations:

* Part (a):
- M1 for attempting low or high tide time or half-period.
- A1 for interval ~ 6.123 hours.
- Al form=T.

« Part (b):
- M1 for solving h(t) = 1.
- A1 for duration 3.14 hours.
* Part (c):
- M1 for recognizing 1/(13).
- A1 for —0.651 m/h.

* Part (d):
- AMfora=1.17.
- A1 ford=1.57.

M1 for attempting period calculation.

A1 for period 12.7 hours.
A1 for b = 0.495.

M1 for attempting to find c.
A1 for ¢ = 5.86.

* Part (e):
- M1 for attempting intersection.
- Al forT = 4.16.
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Apply for Mentorship

Error Analysis: Common Mistakes and Fixes for Tide Modeling

Mistake Explanation How to Fix It

Wrong tide Using incorrect sin 6 values Use sinf = 1 for high tide and
angles for high or low tide. sinfd = —1 for low tide.
Period mis- | Incorrect use of 2* to find Set b = ;255 to match the
calculation period. tide cycle.

Derivative Forgetting to apply the chain | Multiply by the coefficient of
error rule when differentiating. t, e.g., h'(t) = Abcos(bt + c).

Incorrect conversion from

decimal hours to minutes.

Multiply the fractional part by
60 (e.g., 0.123 x 60).

Rounding constants like b or ¢

too early.

Use exact values throughout
and round only at the final

step.
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Practice Problems 10

Practice Problem 1: Tide Timing

A tide model is h(t) = 1.5sin(0.52(¢t — 3)) + 2. Find the first high tide time after
midnight. [2 marks]

Solution to Practice Problem 1
0.52(t — 3) = g = t—3~3.019 = ¢~ 6.019

6.02

Practice Problem 2: Duration Below Threshold

For the model in Practice Problem 1, find the duration below 1 m in one period. [2

marks]

Solution to Practice Problem 2

. . 1
1.5sin(0.52(t — 3)) +2 < 1 == sin(0.52(t — 3)) < 1

t € (0.581,5.456)

0.456 — 0.581 ~ 4.875
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Advanced Problems 10

Advanced Problem 1: Parameter Estimation

Atide modelis h(t) = asin(b(t—c))+d, with min 0.5 m, max 3.5 m, period 12 hours.
Find a, b, d. [3 marks]

Solution to Advanced Problem 1

3.5+ 0.5
=229
2 2

35-05 o7

d 1.5, b= -—=0.5236
’ 12

la=150b=0524,d=2

Advanced Problem 2: Intersection Time

Two tide models: hy(t) = 1sin(0.5t) + 2, ho(t) = 0.8sin(0.5(¢t — 1)) + 1.8. Find the first

t > 0 when heights are equal. [3 marks]

Solution to Advanced Problem 2
1sin(0.5¢) +2 = 0.8sin(0.5(t — 1)) + 1.8

Solve numerically:
t = 3.142
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Problem 11 [Total Marks: 19]

A curve C'is defined by the equation
e:c—l—y — JZ2 + y2‘

This curve is symmetric about the line y = z, and a sketch is shown below. Two

points on the curve, denoted by P and @, have horizontal tangents.

(@) By applying implicit differentiation to the curve's equation, show that

dy 2x—e"tY
de ety — 2y’

[5 marks]

(b) (i) Show thatthe z-coordinates of points P and @, where the tangent to the

curve is horizontal, satisfy the equation
22° + (In(22))* — 2z In(2z) — 22 = 0.

[5 marks]

(i) Hence determine the exact coordinates of the points P and Q. [4

marks]
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(¢) Using the symmetry about the line y = z, write down the coordinates of the

points where the curve has vertical tangents. [1 mark]

(d) Find the coordinates of the point on the curve where the slope of the tangent

is equal to —1. [4 marks]
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Solution to Problem 11

Solution to Problem 11(a)

Differentiate e*™¥ = 2% + y? implicitly:

- Left-hand side:

- Right-hand side:

Equate:

Expand and collect terms:

d
T4y :Hy_y =9 2 _y
e +e p T+ ydm
dy dy
x+y__2_:2 Tty
¢ dx ydm ree
dy

d—(e”y —2y) =2z — Y
T

dy 2z —e™™V
de — e*+y — 2y

dy 2z —e*tY
de  e*ty — 2y

Solution to Problem 11(b)(i)

Horizontal tangents occur when j—g =
20 — "V =0 = "V =2

z+y=In(2x)
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y=1In2zr)—=x
Points P and @ lie on the curve:

6x+y — ZL'2 + y2
Substitute y = In(2x) — :

6:c—i—(ln(Qx)—a:) _ LU2 + (|n(2$) . 13)2
") = 22 4 (In(22) — x)?
27 = 2% + (In(2z) — )?
27 = 2% +In(22)* — 2zIn(2z) + 2°

27 = 22 + In(22)? — 22 In(27)

0 =22 +In(2z)* — 27 In(27) — 22

2¢% + (In(22))? — 2z1In(2x) — 22 = 0

Solution to Problem 11(b)(ii)

Solve:

22 + In(2z)? — 22 In(27) — 22 =0

Let u = In(2z), so = = <. Substitute:

w\ 2 u u
c 2 oS u—2(Z) =
2(G) w2 )u-2(5) =0

Multiply by 2:

et + 2u% — 2%y — 2% =0
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Solve numerically:

r ~ 0331077, x ~ 1.84273

Find y:
y=In(2z) —x

For x ~ 0.331:

y ~In(2-0.331) — 0.331 ~ In(0.662) — 0.331 ~ —0.743

For x ~ 1.842:

y~In(2-1.842) — 1.842 ~ In(3.684) — 1.842 ~ —0.538

Coordinates:
P :(0.331,—0.743), Q:(1.84,—0.538)

1(0.331,-0.743), (1.84,-0.538) |

Solution to Problem 11(c)

Vertical tangents occur where j—z =0, or j—g is undefined (e**¥ — 2y = 0). Due to

symmetry about y = z, swap the coordinates of P and Q:

(—0.743,0.331), (—0.538,1.84)

(—0.743,0.331), (—0.538,1.84)

Solution to Problem 11(d)

Set & = —1:
20 — ™Y I
e-z"i‘y — Qy o
20 — "V = — (" — 2y)

©2025 Mathematics Elevate Academy Rishabh Kumar Page 121


https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

2 — "V = —" TV 4 2y
20 + 2y = 1Y

Use symmetry y = x:

ex-I—x — .’L‘2 + ZL’2
e2:p — 21,2
202 —e?* =0

Solve numerically:
r ~ —0.451

y =1~ —0.451

Verify:
e 004D 5 0,406,  (—0.451)% + (—0.451) ~ 0.406

Coordinates:
(—().451, —0.451)

(—0.451, —0.451)
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Alternative Solutions to Problem 11

Alternative Solution to Problem 11(a)

Differentiate with respect to y:

dx dx
Y241 =20—+2
e (dy+> xdy+y

Solve for fl—;, then take reciprocal to find 2:

dy 2x— etV
de ety — 2y

dy 2z —e™tV
de — e*+y — 2y

Alternative Solution to Problem 11(b)(i)

From e**¥ = 2z, substitute into the curve equation directly:
2r = 2% + (In(2z) — )2

Simplify as before:
22 + In(2z)? — 22 In(27) — 22 =0

2¢% + (In(22))? — 2zIn(2z) — 22 = 0

Alternative Solution to Problem 11(b)(ii)
Use the curve equation with e ¥ = 2x:
27 = 2 + 12

vt =2z — a?
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Solve numerically with the equation from (b)(i), yielding the same coordinates.

(0.331,—0.743), (1.84, —0.538)

Alternative Solution to Problem 11(c)

Solve e**¥ — 2y = 0, but use symmetry directly from (b)(ii) results.

(—0.743,0.331), (—0.538, 1.84)

Alternative Solution to Problem 11(d)

Substitute y = z into the curve equation first, then verify % = —1:
62:B —_ 21,2

r~ —0.451, y=—0.451

(—0.451, —0.451)

Strategy to Solve Implicit Curve Problems

1. Implicit Differentiation: Differentiate both sides, treating y as a func-

tion of x.

2. Tangent Conditions: Set % = 0 for horizontal, undefined for vertical
tangents.

3. Symmetry: Use y = z to simplify or find related points.

4. Numerical Solutions: Solve transcendental equations numerically.

5. Verification: Substitute back into the original equation to confirm.
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Marking Criteria

Implicit Curve Calculations:
* Part (a):
- M1 for attempting implicit differentiation.

A1 for correct LHS derivative.

A1 for correct RHS derivative.

M1 for collecting % terms.

A1 for final expression.

* Part (b)(i):
M1 for setting 2z — e*¥ = 0.

A1 for z + y = In(2z).

M1 for substituting into curve equation.

A1 for simplifying to given equation.

A1 for correct final equation.

« Part (b)(ii):
A1 for z ~ 0.331.
A1 for z ~ 1.84.

M1 for finding y-coordinates.

A1 for coordinates of P.

A1 for coordinates of Q.

* Part (c):

- A1 for both coordinate pairs.

« Part (d):

M1 for setting & = —1.

A1 for using y = «.

M1 for substituting into curve equation.

A1 for coordinates.
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Error Analysis: Common Mistakes and Fixes for Implicit Curves

Mistake

Explanation

How to Fix It

Incorrect dif-

ferentiation

Omitting chain rule for e**¥,

dy ; Tty dy
Include %% in e*™¥ (14 %4).

Wrong  tan- | Setting denominator to zero | Set numerator 2z — ¢" ¥ = (.
gent  condi- | for horizontal tangents.

tion

Symmetry Not swapping coordinates cor- | For y = x, swap x and y of hor-
misuse rectly. izontal tangent points.

Approximating = without solv-

ing equation.

Use numerical solver for tran-

scendental equations.

Not checking points on curve.

Substitute coordinates back

into e**¥ = 22 4 4%,
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Practice Problems 11

Practice Problem 1: Implicit Differentiation

For the curve 22 + zy + y? = 3, find 2, [3 marks]

Solution to Practice Problem 1

d d
20 + 22 +y+ 2L =0
dx dx

d
%(m—i—Qy) =—2xr—y

dy — 2zx+y
dr =+ 2y

2 +y
T+ 2y

Practice Problem 2: Horizontal Tangent

For the curve in Practice Problem 1, find the points with horizontal tangents.  [3

marks]

Solution to Practice Problem 2
2r—-y=0 = y=—-2
2+ 2(—22) + (—22)* =3
22— 222 +42° =3 = 32 =3 = 1 =+1
y = —2(+1) = 72

(1,-2), (-1,2)

(1,-2), (—1,2)
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Advanced Problems 11

Advanced Problem 1: Vertical Tangents

For the curve 22 + zy + y* = 3, find the points with vertical tangents. [3 marks]

Solution to Advanced Problem 1
r+2y=0 = xr=—-2y
(—2¢)* + (—2y)y +y*> = 3
4y =2+ =3 = 3 =3 = y==I
z=—2(£1) = F2

(—2,1), (2,—1)

(—=2,1), (2,-1)

Advanced Problem 2: Tangent Slope

For the curve e**¥ = 22 + ¢/, find another point (besides = = y) where the tangent

slopeis —1. [4 marks]

Solution to Advanced Problem 2
20 + 2y = 1Y

Solve with % = —1, try y # a:

6$+y — [E2 + y2
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Test numerically or assume z + y = k, solve:

r~ 0451, y~—-1351

Verify:
(—1.351,0.451)

(—1.351,0.451)
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Problem 12 [Total Marks: 20]

Let @ and ¢ be two non-zero vectors, and let 6 represent the angle between them.

(@) By using the geometric definitions of the dot product «- v and the cross prod-

uct @ x v, demonstrate that
(@ - 0)* + i x 0 = |u]?|v]*

[2 marks]

(b) Atriangle AABC'is formed by the points A(0, 1,2), B(p, ¢, 3),and C(3,2,1) with
area of 5 square units, where p,q € Q. Define vectors v = AB and 7 = AC

with @ - v = 3.
(i) Compute the magnitude |u x . [1 mark]
(ii) Use the result above to determine |]. [4 marks]

(iii) Hence, or otherwise, determine the possible values of p, along with their

corresponding values of q. [8 marks]

(c) Now consider a fourth point D, and define « = CD. Suppose w is perpendic-
ular to both 4 and v, i.e.,, @ -4 = 0 and ¢ - & = 0. Furthermore, assume the

area of triangle ACD is 5 square units.

For p = 1, determine all possible vectors . [5 marks]
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Solution to Problem 12

Solution to Problem 12(a)

Geometric definitions: - Dot product: @ - ¢ = |i||v| cos 6 - Cross product magnitude:

|t x U] = |ul|v] sind
Compute:

(@ - 9)* + |u x 0)* = (|||7] cos 0)* + (|i]|v] sin 6)?
= |i|*|#]* cos?® O + |i|*|#]* sin® 6

= |@)?|7]*(cos® 0 + sin* ) = |i)?|7]?

(- 0)* +Ja x ] = |a]*|0])”

Solution to Problem 12(b)(i)

Vectors:

F=AC=(3-02—1,1-2)= (3,1 1)

Area of triangle AABC:

Solution to Problem 12(b)(ii)

Given:

<y

- T=p-3+(q—1)-1+1-(-1)=3p+q—1—-1=3p+q—2=3
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7=3,1,-1) = |7 =3*+1"+(-1)’=9+1+1=11

Use part (a):

(@-0)* + [a x o* = [a]?|v]?
32122 = |af*- 11

9+ 144 = 153 = |ui]* - 11

e 18851
11 11
51 153
il =4/ -3 =1/ = 1732
i T T
1.73
Solution to Problem 12(b)(iii)
u=(p,g—1,1)
153
@ =p*+(a= 1+ 1 =p"+¢* =2+ 1+ 1=p"+ "~ 2+ 2= 7

11p? + 11¢% — 22¢ + 22 = 153
11p? 4+ 11¢* — 22¢ = 131

From dot product:

p+q=5= q=5—-3p

Substitute:
11p* 4+ 11(5 — 3p)* — 22(5 — 3p) = 131

11p? + 11(25 — 30p + 9p?) — 110 + 66p = 131
11p* + 275 — 330p + 99p* + 66p — 110 = 131
110p* — 264p + 165 = 131
110p* — 264p + 34 =0

55p? — 132p 4+ 17 =10
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Solve:
A =1322 —4-55-17 = 17424 — 3740 = 13684
| 132£V13684 132+ 2y/3421

P 110 110
7
=1 or p=-
P p=:
q=>5—3p
p=1= qg=5-3-1=2
7 7 21 4
=l ey o533 L5222
P=3 9 5 5 5

7 4
=1,¢=2 and p=_-,qg=-
p q p 5(1 5

Solution to Problem 12(c)

Assume p =1, so:

i=(1,q-1,1)=(1,2—1,1) = (1,1,1)

7=(3,1,-1)
W= (z,y,2)
Perpendicularity:
U-w=x+y+z=
U-wW=3x+y—z=
Solve:
Yy=——2z

Jr+(—x—2)—2=20—-22=0 = z=z
Yy=-—T—T=—20

W= (z, —2x, 1)
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Area of triangle ACD:

1—» — — —
Area:§|v><w|:5::> |U' x | =10
@ = (1, -2,1)
ixw==x(3 1 —-1|==z[(1-1-(-1)-(-2),—(3-1—=(=1)-1),3-(-2)—1-1)]
1 =2 1

=2(1-2,—-(3+1),-6—-1)=xz(—-1,—-4,-7)

|7 x @] = |2/ (=1)2 + (—4)2 + (=7)2 = |z|V1 + 16 + 49 = |2|/66

10 5v/ 66
V66 =10 == |z| = ——= = ——
5V 66

W~ £(1.23, -2.46, 1.23)

1.23
+ | —2.46
1.23
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Alternative Solutions to Problem 12

Alternative Solution to Problem 12(a)

Use component form and verify algebraically, but geometric approach is simpler.

(i 9)° + @ x 0] = |a]*|v]”

Alternative Solution to Problem 12(b)(i)

Directly from area:

Tx T =2-6=12

Alternative Solution to Problem 12(b)(ii)

Use |u x 9| = |u]|v] sin 6:

12
@|yV/I1

Sing =

cosf =

3
@v/11
sin?0 + cos?6 =1

144 9

=1
@211 R

153

-2 i
[al” = =43

|d] ~ 1.73
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Alternative Solution to Problem 12(b)(iii)
Use | x o] = 12:

%7 =((g=1)(-1) =11, ~(p+ (~1) = 1-3),p- 1~ (g~ 1)3)

= (=¢,p+3,p—3q¢+3)
@ x P =¢*+ (p+3)*+ (p—3q+3)* =144

Solve with 3p + ¢ = 5, yielding same p, q.

(SN

p=1¢=2 and p=_-,¢=

5

Alternative Solution to Problem 12(c) - Method 2

17 % (A(=2,4,—2))| = 10

A VA+16+4 =10

5
A -v24=10 = |\ =—
AV M=

5v/66

U==+ —2.4,-2)=+——(1,-2,1
w ( P ) 33 (’ ’)

Sl

1.23
+ | —2.46
1.23
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Strategy to Solve Vector Geometry Problems

1. Geometric Identities: Use dot and cross product definitions for iden-
tities.

2. Vector Definitions: Define vectors from given points accurately.

3. Triangle Area: Relate area to cross product magnitude.

4. System of Equations: Solve constraints (dot product, magnitude) si-
multaneously.

5. Perpendicularity: Use cross product for vectors normal to a plane.
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Marking Criteria

Vector Geometry Calculations:
* Part (a):
- A1 for correct substitution of geometric definitions.

- A1 for using cos?6 + sin® 6 = 1.

« Part (b)(i):
- A1 for |u x ] = 12.

« Part (b)(ii):

A1 for v.

A1 for |7] = V11.

M1 for using identity from (a).
A1 for |u| =~ 1.73.

« Part (b)(iii):
- A1 for .

M1 for using dot product.
A1 forq=5-— 3p.

M1 for using |u|.

M1 for forming quadratic.

A1 for correct quadratic.
Alforp=1,1L
Alforqg=2 2.

* Part (c):

M1 for expressing .

A1 for solving perpendicularity.

M1 for using area condition.

A1 for magnitude of components.

A1 for final vectors.
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Error Analysis: Common Mistakes and Fixes for Vector Prob-

lems

Mistake

Explanation

How to Fix It

Incorrect vec-

tor

Wrong components for « or 4.

Compute AL — B — A.

Area formula

Forgetting 3 in area.

Use Area = $|u x 1.

Quadratic er-

ror

Incorrect substitution in (b)(iii).

Verify substitution ¢ = 5 — 3p.

Wrong sign in cross product.

Compute cross product care-

fully.

Omitting square root in |u|.

Ensure magnitude includes all

components.

©2025 Mathematics Elevate Academy

Rishabh Kumar

Page 139



https://www.mathematicselevateacademy.com/downloads/
https://forms.gle/D2d8C6KcCyehqcf6A
https://www.mathematicselevateacademy.com
https://www.mathematicselevateacademy.com
https://www.linkedin.com/in/rishabh-kumar-iitg-isi/

IB Math: AAHL P2 Apply for Mentorship Mathematics Elevate Academy

Practice Problems 12

Practice Problem 1: Vector Identity

Prove i - (¥ x W) = (4 X ¥) - . [2 marks]
Solution to Practice Problem 1
Use the scalar triple product property:
u - (U x o) = det(u, v, W) = (4 x ¥) -
- (U x W) = (dxv) -0
Practice Problem 2: Triangle Area
Points A(1,0,0), B(0,1,0), C(0,0,1). Find the area of AABC. [2 marks]
Solution to Practice Problem 2
i=(-1,1,0), ¥=(-1,0,1)
ix7=(1,-1,-1)
@ x 7] = V3, Areazg
V3
2
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Advanced Problems 12

Advanced Problem 1: Perpendicular Vector

For points A(0,0,0), B(1,1,1), C(2,0,0), find a vector perpendicular to AB and AC.
[3 marks]

Solution to Advanced Problem 1

Advanced Problem 2: Triangle Constraints

For AABC with A(0,0,0), B(p,¢,0), C(1,1,1), if areais 2 and AB - AC' = 1, find p, q.
[4 marks]

Solution to Advanced Problem 2

= (p,q,0), v=(1,1,1)

£
<y
I
i)
+
<
I
—_

prq=1= q=1-p

P+ 1=-pP+p-(1-p) =16
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3p?—2p—T7=0

1+2v5
p=—5— a=1-p
(1+2\/5 2—2\/5> (1—2\/5 2+2\/5>
3 7 3 ’ 3 7 3
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Conclusion: Your Path to Mathematical Mastery

This guide has provided you with a powerful toolset for tackling IB Math AA HL

Paper 2 challenges. However, true mathematical mastery is an ongoing journey -

a blend of understanding, skill, and strategic thinking.

Key Takeaways for Exam Success:

* Practice with Purpose: Focus on understanding the why behind each solu-

tion, not just memorizing the how. The more you challenge yourself and solve

problems, the easier and better you will do it.

+ Embrace Your Mistakes: Every mistake is an opportunity to learn. Analyze

what worked and what you can improve next time.

* Time is a Crucial Asset Simulate the exam and prepare well to achieve suc-

Unlock all our proven strategies and keep expert guidance by your side.

cess.

Apply now for:

Whether it's Mathematics or Statistics — we've got you covered.

Mentorship Programs

Standard Tutoring

Doubt Clearance Sessions
Problem-Solving Practice

Mastery of Core Concepts

Crash Courses

Advanced Mathematics Problem Solving

Olympiad Math Mentorship
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To your Mathematical Journey!

Excellence in Advanced Math Education

Rishabh Kumar

Here is why you should trust, over 5 years of teaching experience, IIT Guwahati &
Indian Statistical Institute alumnus, and so on!

You are the boss! Click this (Mathematics Elevate Academy) to explore a new world

of Mathematics - Practice, Learn & Apply for Mentorship

Thank You All

Aiming for the Ivy League, Oxbridge, or to advance your math skills?

Join my exclusive mentorship — application-based only. For serious, high-

achieving students. Only 6 seats left worldwide.

Ready to transform your exam performance?

Mathematics Elevate Academy

Apply for Mentorship
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— ACADEMY —

LEVATE Y¢, €_YOUR FUTURE -

N

E
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